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SUMMARY
The use of multi-component light-weight structures has increased 
considerably during recent years. Collapse of such structures may be 
propagated by progressive fa ilures of th e ir components and the load- 
deflection curves of these structures may be characterised by a number 
of lim it points. The fundamental mechanics of sequential collapse 
behaviour of these structures is presented herein. Expressions relating  
the loads and deflections are derived for a general structural system.
The family of curves obtained describes the essential characteristics  
of the sequential in s ta b ility  behaviour of large redundant structures. 
Simple structural systems displaying the complete set of characteristics  
are presented and investigated in d e ta il. Large-deflection e lastic  
buckling models and a plastic buckling model are considered. I t  is 
found that member behaviour and connectivity between the members have 
extremely important effects on the structure behaviour.
The theoretical work is supported by experimental evidence. Tests 
are performed on a model structure subjected to large e las tic  deformations. 
High strength steel is used to construct the model to ensure e las tic  
behaviour throughout. An extensive and thorough experimental 
investigation 's  carried out to obtain the complete set of equilibrium  
characteristics. The experimental results are in complete agreement 
with the general and detail theoretical work. The theoretical 
c r it ic a l behaviour of the models investigated in this thesis is shown 
be governed by Thom's Swallowtail Catastrophe and this is ve rified  by the 
experiments.
These structures exhibiting a series of lim it points in th e ir  load- 
deflection curves are prone to demonstrate dynamic snap under dead
1
loading. As a consequence, the concept of dynamic snap is examined.
i -
The occurrence of premature global fa ilu re  due to dynamic snapthrough 
is deduced from a study of the form of the potential surface.
An investigation is also made of the important e ffec t of in i t ia l  
imperfections on the sequential buckling process. I t  is shown that the 
presence of imperfections may markedly change the form of a collapse 
sequence for particu lar structural systems.
The use of "Force Limiting Devices" to improve the collapse 
characteristics of structures liab le  to sequential in s ta b ility  is also 
investigated.
INTRODUCTION
I
The s ta b ility  of structures forms an important topic in the f ie ld  of 
structural engineering. S ta b ility  of e las tic  structures has been studied 
by many engineers and research workers since Euler's classic e lastic  
buckling analysis.in 1759.
In the theory of e lastic  s ta b il ity , two modes of in s ta b ility  have 
been well studied and established. A structure under loading deforms.
I f  the load-deformation plot shows a maximum "lim it" load characteristic , 
the structure becomes unstable and snaps at this load. This phenomenon 
is termed snap-buckling and is exhibited by practical structures where 
imperfections are always present. Another form of in s ta b ility  is 
bifurcation-buckling. Bifurcation or branching, behaviour o f a "perfect" 
elastic  structure is characterised by an equilibrium path losing s ta b ility  
and simultaneously being intersected by a second;(post-buckling) path which 
may or may not be stable or part-stable. This is termed the bifurcation  
point of the equilibrium, the load at which is called the classical 
buckling load.
The determination of the classical c r it ic a l buckling load of any 
structure was o rig in a lly  of prime in terest. The behaviour of the 
structure a fte r buckling was not investigated. However there was a 
large scatter between the values of the classical theoretical buckling 
loads of some structural systems and the experimental buckling loads.
Some systems^for instance£  shell structures^ buckle a t loads which are a 
mere fraction of th e ir theoretical values while plates can sustain loads 
in th e ir plane higher than the classical c r it ic a l load. Classical lin ear  
theory of e lastic  s ta b ility  thus fa lls  short in its  predictions of 
structural behaviour.
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Von Karman and Tsien Cll gave an explanation to the large
i ■
discrepancies between the theoretical and experimental c r it ic a l loads for 
shells. At load values less than the classical c r it ic a l buckling load, 
they showed that the e lastic  energy of the structure in the post-buckled 
configuration may be less than that in the pre-buckled equilibrium confi­
guration although the equilibrium states in both cases are stable with 
respect to "infin itesim al" disturbances. Under actual testing  
circumstances f in ite  disturbance w ill induce the structure to pass the 
"energy hump" and jump into equilibrium state with lower energy. Thus 
the discrepancies between the classical and experimental buckling loads 
may be accounted for in post-buckling theory. The results deriving from 
i t  indicated that buckled equilibrium configurations are possible at loads 
lower or higher than the c r it ic a l load depending on the type of structure.
I t  was Koiter [2] who.developed a general theory of s ta b ility  for 
elastic  systems which exhib it branching configurations in the "perfect" 
state when subjected to conservative load. The foundation of the in i t ia l  
post-buckling theory is la id  down in his classic doctoral thesis [3 ].
The slope and curvature of the in it ia l  post-buckling path at the point of 
bifurcation determine the degree of im perfection-sensitivity of the system.
A system exhibiting a non-zero slope or a negative curvature is unstable and 
imperfection-sensitive. Small imperfections may cause large reductions in 
the buckling load for these unstable systems. Developments in post- 
buckling theory in terms of generalised co-ordinates were also carried out 
by Thompson and Hunt [41. The v a lid ity  of the theory was demonstrated by 
experiments performed by Roorda [5 ] , [6 ] .
The load-deflection path of a system losing its  s ta b ility  at at 
lim it point is shown in figure 1.
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Systems demonstrating this type of behaviour may be, fo r instance, shallow 
arches or shells. A load-deflection path may also have a sequence of 
maximum and minimum 'l im it ' loads as shown in figure 2.
In s ta b ility  follows a fte r each maximum lim it load and restab ilization  
follows a fte r  a minimum lim it load. Structure response I in figure 2 
shows the structure collapses when the highest load in the sequence is  
attained. In structure response I I ,  this corresponds to the f i r s t  l im it  
load.
Many single as well as multi-component systems demonstrate the 
la t te r  type of load-deflection response. A shallow spherical dome of 
uniform thickness with a point load at the apex has been analysed by 
Biezeno and Gramma! [7 ]. The equilibrium path exhibited by the structure 
under rig id  central point loading is shown in figure 3. The curve 
emerging from the origin has two maxima and two minima.
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FIGURE 3  A  SHALLOW SPHERICAL DOME UNDER RIGID 
CEN TR AL POINT LOADING
Tillman [8 ] mentions that certain ax ia lly  loaded oval cylindrical shells 
demonstrate two peaks in th e ir equilibrium path as shown in figure 4.
Load
Axial displacement
f i g u r e  4
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This type of shell on losing its  s ta b ility  at the classical buckling load 
quickly restablizes i ts e lf  and continues to support loads to a greater 
magnitude than the classical buckling load. In it ia l  imperfections would 
in practice convert the classical bifurcation point to a lim it point 
occurring at a lower load.
Investigations into the collapse behaviour of space frames whose 
members show strain-softening characteristics have also revealed a series 
of re la tive  maximum and minimum loads in th e ir load-deflection curves. 
Schmidt [9] analysed a space truss shown in figure 5a with 
a set of member characteristics shown in figure 5b. The member character­
istics vary from e lastic  perfectly plastic to complete load-shedding a fte r  
reaching c r it ic a l load. The results obtained from the analysis are shown 
in figure 5c and marked to correspond to the particu lar member character­
is t ic  adopted for the analysis. The response curves consist of linear
portions and a series of peaks. Supple and Collins [10] in th e ir study
on the collapse behaviour of double-layer grids analysed the tr ia l
structure shown in figure 6a with the member, behaviour model
shown in figure 6b. The degree of load-shedding is governed by the angle a
a measure of the degree of post-buckling in s ta b ility  of the metobers. The
collapse curves obtained from the analysis are shown in figure 6c. They 
are again comprised of linear portions because of the adoption of a linear  
piece-wise member characteristic. In both studies, as the degree of load­
shedding increased, the number of peaks also increased indicating the 
presence of more unstable regimes. Therefore, knowledge of the nature of 
the post-buckling behaviour well beyond the c r it ic a l point of the members 
is an important objective in the determination of the overall load- 
deflection behaviour. The "pathological behaviour" of compressive members 
forms a central role in the collapse analysis of multi-component structures.
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In these highly redundant structures, fa ilu re  of an individual member 
does not necessarily imply an imminent collapse of the structure which 
may s t i l l  remain integral and be capable of carrying increased loads. In 
this la t te r  case, the localised fa iled  members would behave according to 
th e ir p o st-critica l characteristics. Collapse of the structure occurs
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only when su ffic ien t members have fa iled  and together form a mechanism.
These load-deflection curves therefore show the collapse behaviour of 
space frames which have been propagated by sequential fa ilures of th e ir  
members.
Grundy[11] investigated the behaviour of a structural model 
comprising nominally identical elements assembled in para lle l and bounded 
at th e ir ends by rig id  beams shown in figure 7a. The members demonstrate 
strain-softening characteristics with varying degrees of load-shedding 
shown in figure 7b.
FIGURE 7<a PARALLEL ASSEMBLy
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He showed that due to the inherent imperfections inevitably present in a ll 
members, the members reach th e ir maximum stress at d iffe ren t values. The 
local collapse of the members therefore becomes progressive.
Many structures are composed of sub-structures whose function is to 
resist externally.applied loads. In tu itiv e ly  i t  can be easily seen that 
the member characteristic and connectivity between the members govern the 
collapse behaviour of the system. Sub-structures are liab le  to become
unstable under loading. The sub-structures buckle sequentially and i t  is
interesting to follow the progression of local fa ilures from the onset of
loading. For this class of structures, a technique of analysis which
ascertains and follows the sequence of fa ilures is desirable.
The global collapse of multi-component structures induced by oc* 
progressive fa ilures of th e ir members may involve the localised fa iled  
members going well into th e ir  post-buckling range and large deflections of 
the members are therefore expected. Large deflection non-linear analysis 
of such structures may necessitate the use of the computer to solve the 
problem accurately and the results obtained from such an analysis may be 
d if f ic u lt  to in terpret because of the in trica te  system. However, before
an attempt can be made to establish a crite rion  for predicting the collapse 
load of a general reticulated structure, an understanding of the mechanics 
involved in the sequential collapse behaviour is essential. The objective 
of this thesis is to present the basic behaviour of these structures in 
sim plified forms. Simple mathematical and structural models are 
investigated and the knowledge gained from these studies is presented to 
aid the understanding of the behaviour of more complex systems. Simple 
structural models which are representative of real structures are employed 
to generate the essential qualitative collapse behaviour and these are 
verified  by experiments. I t  was considered that detailed analysis of
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simpler but q u a lita tive ly  sim ilar systems would aid the interpretation  
of the results of the more complex systems. The complexity of the 
problem is reduced to a minimum to render a very clear appreciation of 
the important in ter-re lationship  between (1) member collapse characteristics  
and mode of fa ilu re  of the structure and (2) connectivity between the 
members and mode of fa ilu re  of the structure. The study is therefore 
fundamental in its  own righ t and casts lig h t upon the underlying 
mechanics involved in the sequential collapse of reticulated systems.
Sequential collapse of multi-component structures is characterised 
by a series of peaks [9 ] , [10] in the load deflection equilibrium path. 
Maximum and minimum loads on the load-deflection response curve are of 
special in terest in structural s ta b ility . They represent c r it ic a l states 
of equilibrium when loading control is assumed and therefore delineate 
regions of s ta b ility  and in s ta b ility . ‘ The nature of the equilibrium path 
is governed by physical quantities of the system and these may be termed 
control parameters. A p lot of the c r it ic a l loads against the controlling  
parameters generates c ritic a l-lo a d  surfaces which describe the c r it ic a l  
behaviour of the system. Rene Thom [12] has developed a mathematical theory 
of structural s ta b ility  termed Catastrophe Theory. Within this theory he 
discusses what he terms seven elementary catastrophes. They are the 
FOLD, CUSP, SWALLOWTAIL, BUTTERFLY, HYPERBOLIC UMBILIC, ELLIPTIC and 
PARABOLIC UMBILIC. Each catastrophe is defined by a potential function 
which includes control parameters. Depending on the number of "controls" 
a system is subjected to , Thom's elementary catastrophe may be referenced 
to describe the qualitative behaviour of the system. For instance, in 
the study of the buckling of a shallow steel pinned arch subjected to a 
point load which is progressively offset by a small distance from the 
crown, Roorda [5 ] , [6] has shown that the relationship between the buckling
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load and imperfection which is the offset distance is a cusp-shaped curve. 
The results obtained are described as a Cusp Catastrophe in the load- 
imperfection space as shown in figure 8* I t  depicts the erosion of 
strength with imperfections.
Strength
PjP
■160"
1.0
0.9-
-0.005
FIGURE 8
Likewise the cusp catastrophe manifests i ts e l f  in the study of the 
deformation o f a square sheet of crystal under direct and shearing stress 
by Thompson and Shorrock [13]. The square sheet under d irect stress a n
deformed into a rectangle with direct elongation or strain e n . At a 
certain value of a n ,  the square sheet of crystal deformed into a 
parallelogram giving rise to shearing strain e1 2 > This is  the 
bifurcation load. The introduction of shearing stress a i2 generated 
equilibrium curves which "rounded off" the bifurcation point. I t  there­
fore acted as an imperfection parameter.
The equilibrium path is shown in three-dimensions in figure 9a.
15
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FIGURE <?
The projection of the various curves for d ifferen t values of imperfection 
on the cjii *■ e 12 plane is shown in figure 9b. The relationship between 
direct stress and imperfection is a cusp catastrophe as shown in figure 9c. 
Shearing stress severely reduces the magnitude of the d irect stress.
Thom's elementary catastrophe has been mentioned widely in many other areas 
as w ell. In this thesis, i t  is shown that sequential collapse behaviour
16
can be described by the Swallowtail Catastrophe.
Structure response curves with a series of lim it  points have not 
received much attention. One notable work in this subject is that due 
to Thompson [1 4 ]. He investigated systems which are lia b le  to become 
unstable under load and la id  down theorems for predicting the s ta b ility  
at each fold of a response exhibiting a succession of fo lds. This thesis 
is devoted en tire ly  to the study of such responses which are generated by 
multi-component structures and whose members demonstrate "softening" 
characteristics.
This thesis consists of three parts. In part I ,  Chapter 1, the 
essential qualitative  characteristics of the collapse behaviour o f  
reticulated structures are presented. A general potential energy 
function is derived for the family of curves representing the sequential 
fa ilu re  behaviour of structures. The family of collapse curves is 
categorised and potential surfaces are drawn for each typical load- 
deflection curve for various load values. As the load-deflection curves 
have a series of lim it points, dynamic snap is considered. Inferences 
are drawn from the potential surface of whether dynamic snap may occur 
at a maximum lim it load and bypass the next stable path. The potential 
surface besides illu s tra tin g  the concept of dynamic snaps gives a topo­
logical link between s ta b ility  and the surface.' The results obtained 
from the potential energy function can be obtained from Thom's Swallowtail 
Catastrophe potential function. .Therefore Thom's Swallowtail Catastrophe 
may be referenced to describe q u a lita tive ly  the sequential fa ilu re ,  
behaviour of structures.
In Part I I ,  simple structural models are employed to generate the 
family of collapse curves. In this way, these curves are linked to real 
structural systems via models. The models chosen in each case are
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devised with the following in mind: (1) representative of reticulated
structures (2) the members are to fa il  progressively and therefore the 
results obtained from them would show the sa lien t features of large 
redundant structures and (3) the number of members of the model structure 
is to be a minimum for the sole reason that the re la tive  sim plicity would 
c la r ify  the phenomenon more markedly. In Chapter 2, a tru ly  non-linear 
elastic  conservative system the arch-beam model is considered. The 
sim plicity of the arrangement of the model has made i t  possible to perform 
a simple analysis despite the fact that the members are non-linear in 
behaviour and that large deflections are involved. The results obtained 
are therefore highly complex. Timoshenko's arch response [15] is used 
for the analysis and by varying two parameters of the system as indicated 
by the general work in Chapter 1, the family of collapse curves is 
generated. In Chapter 3, .a plasti.c buckling model representative of 
space frames is considered. The members of the model are struts.
P lastic buckling of the struts is approximated by a set of t r i - l in e a r  
load-deflection responses. The peak and residual loads are constants 
while the degree of load-shedding is a variable ranging from e lastic  
perfectly p lastic to complete load-shedding a fte r  the c r it ic a l load is 
reached. I t  highlights how unstable a structure could be i f  the members 
have a high degree of load-shedding. Because a study is incomplete 
without the inclusion of imperfections, a method of introducing a set of 
non-linear imperfect member characteristics for any degree of load-shedding 
is devised. The model is reanalysed with the set of new member charact­
eristics  to show the effect of imperfections on the model.
I t  can be seen from the studies in [9 ] , [ICQ and herein la te r  
that b ritt le -ty p e  members may give rise to unstable behaviour. Schmidt 
et al [16] by incorporating a device called a force lim iting  device (FLD)
18
into c r it ic a lly  loaded members of space trusses induced an a r t i f ic ia l
\
d u c tility  into the members and the overall collapse behaviour of the 
space trusses was improved. In this study, this device is incorporated 
into the model to investigate its  effects.
In Part 3, an experimental programme is devised to verify  the 
concept of sequential in s ta b ility  of structures. An e las tic  system, the 
arch-spring model, is chosen. Testing is done within the e la s tic  range 
so as to avoid any effects from p la s tic ity . Another merit of the 
arrangement of the chosen model is that one can visually witness the 
sequential fa ilures of the members markedly. Chapter 4 gives a 
description of the construction of the loading rig  for testing individual 
arches, mechanical springs and the complete structure. A family of 
load-deflection curves is generated by gradually shortening the curved 
length of a constant span arch loaded'at its  crown. In Chapter 5, this  
experimentally obtained arch response is used for theoretical analysis.
An account of the design, manufacture and testing is given of the 
mechanical springs used in the experiments. The arch-spring model is 
tested completely and the results compared with those obtained 
theoretica lly . Good agreement has been found between the two. The 
model has reproduced a ll the load-deflection characteristics discussed 
in Chapter 1. Variation of any one of the physical parameters o f the 
system produces a family of structure response curves. The stationary  
points on the equilibrium paths when plotted against the varying parameter 
gives a plot which is q u a lita tive ly  sim ilar to a section through Thom's 
Swallowtail Catastrophe. The experiment has verified  sequential collapse 
behaviour and that the c r it ic a l behaviour of the model structure can be 
described by Thom's Swallowtail Catastrophe. I t  may also be said that 
i t  is a buckling model for the Catastrophe.
F ina lly , a set of overall conclusions follow:
19.
CHAPTER 1
GENERAL FORMS OF SEQUENTIAL INSTABILITY
1.1 Introduction
A structure may generally be viewed as a system which consists of 
one or more sub-structures. The sub-structures are geometrically 
arranged in such a manner so as to enable the structure to support 
external loading. The structure deforms under external applied loading 
and the measure of change in the configuration of the structure is termed 
deflection or deformation. The structure is constrained i f  restric tion  
is enforced on the deformation.
A conservative system is a system for which the total potential 
energy is dependent only on the in it ia l  and fin a l configuration of the 
structure and is independent of the path taken in reaching/the fin a l 
state. Equilibrium configurations may be stable or unstable.
The concept of s ta b ility  is illu s tra ted  diagramatically in 
figure 1 .1 .1 .
7-7-7"-/' /  /• S / '  S "7
2 3
Figure 1.1.1 Potential surfaces.
20
A small sphere subjected only by gravitational forces rests on various 
potential surfaces. At equilibrium state 1, the sphere w ill oscilla te  
about that position at the slightest disturbance. Eventually i t  w ill 
return to its  original position. .The system is in a state of stable 
equilibrium. The sphere is in neutral equilibrium at state 2. A 
sligh t disturbance would ro ll the sphere in the v ic in ity  of the 
equilibrium state 2. Equilibrium state 3 is a position of unstable 
equilibrium. A s light disturbance would ro ll the sphere to another 
equilibrium state.
Consider a conservative idealised one-degree-of-freedom system 
subjected to loading. The loading may be represented by a conservative 
load parameter P, and the total deformed shape of the system is defined 
by a single generalised co-ordinate 6 . The potential energy, V, is 
a function of P and 6 .
V = V (P,6)   (1 .1)
A state of statical equilibrium occurs at stationary points of the total 
potential energy function. The necessary and su ffic ien t condition for V 
to be stationary is
^ = °    d -2 )
The nature of the state of the statical equilibrium can only be established 
through a second variation of the total potential energy function. The 
sign of the second derivative reflects whether the structure is table, 
unstable or in a c r it ic a l state of equilibrium. A necessary and 
su ffic ien t condition for the s ta b ility  of an equilibrium state of the 
system is
21
(1.3a)
The system is in a c r it ic a l state of equilibrium i f
= 0 (1.3b)
and the system is in an unstable state of equilibrium i f
(1.3c)
The locus of equilibrium points (states) corresponding to d ifferen t 
load levels is termed an equilibrium path.
Equilibrium paths may have several c r it ic a l states of equilibrium  
termed " lim it points" that is several re la tive  maximum and minimum 
loads. In this chapter, thorough investigation is made of such 
equilibrium paths as indicated in figure 1 .1 .2 .
Attention is focussed on structural systems for which variation  
of design parameters produces the development of an equilibrium path 
with one maximum which changes to an equilibrium path with two maxima 
followed by subsequent degeneration of the la t te r  to a path with one 
maximum which is structura lly  d iffe ren t from the former. Where the 
equilibrium path has two maxima, the re lative  magnitude of the f i r s t  
and second maxima assumes importance. These curves cauld be 
significance in relation to the behaviour of structures undergoing 
sequential buckling.
A mathematical function is chosen to represent the potential 
function V from which load-deflection relationships are derived. The 
coefficients of the potential function are varied to show the changes
22
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Figure 1.1.2 M u lt i- l im it  points load-deflection curve.
in the form of the load-deflection curves. Potential surfaces for 
various load values are drawn for typical curves of the load-deflection 
response set. Besides showing the relationship between s ta b i l i ty  and 
the form of the potential surface, they throw lig h t on the concept of 
dynamic snap whereby under load control the structure "jumps" from 
a l im it  point to a distant equilibrium configuration.
/
Also in this chapter, the well known Catastrophe Theory by Rene 
Thom is referenced. Investigation of the potential function for the 
Swallowtail Catastrophe has shown that i t  can produce a l l  the qualitative  
load-deflection behaviour required to describe sequential buckling. A 
review of Catastrophe Theory is given paying special attention to the 
Swallowtail Catastrophe.
. 23
1.2 Member Behaviour
\
The behaviour of a structure comprised of sub-structures under 
loading depends on many factors. Among them is the behaviour of the 
members themselves. The load-deflection responses of typical members 
are shown in figure 1 . 2 . 1 .
I
A mechanical 
spring
A very shallow 
arch
A strut
IV
A higher-rise 
arch
Figure 1.2.1 Member characteristics of structures.
The load-deflection responses of a mechanical spring and a very 
shallow arch do not show any in s ta b il ity . Failure occurs only i f  the 
material fa i ls .  The load-deflection responses of a stru t undergoing 
plastic buckling and a higher-rise arch are characterised by load­
shedding a fte r  c r it ic a l deflection, 6 * .  The members are said to have 
fa iled  i f  they reach <5*. In the case of the higher-rise arch but 
s t i l l  shallow enough such that bifurcation buckling does not occur
24
there is restabilization at the minimum post-buckling load. In this 
work9 members displaying load-shedding or softening characteristics are 
of primary interest.
1.3 Structure Load-Deflection Response
Typical structure responses are sketched below in figure 1.3 .1.
Stable equilibrium paths are separated from unstable equilibrium 
paths by maximum and minimum loads. Structure response I unlike 
structure responses I I ,  I I I ,  IV and V does not indicate the presence of 
any in s ta b il i ty .  Structure response I I  shows the structure is stable 
until c r it ic a l load A *  is reached whereupon there is continuous loss of 
structure strength. This response may be said to consist of one phase 
of collapse. In this sense, a phase consists of a stable followed by 
an unstable equilibrium path. Structure response I I I  shows two collapse 
phases before ultimate load a* * *  is attained. The two collapse phases 
may be termed "local" and the collapse phase with the ultimate load may be 
termed "global". Structure response IV shows that in i t ia l  local fa ilu re  
leads to and is synonymous with global collapse at A * .  Structure 
response V shows in i t ia l  local collapse is followed by global collapse 
at A * * .
Multi-component structures whose members demonstrate load-shedding 
characteristics may exhibit qualitatively load-deflection response I I ,
I I I ,  IV, or V as witnessed in [9] and [10] . These responses are 
characterised by one or more l im it  points. The following questions 
may be *asked:
(1) Why do in s ta b il i ty  and restabilization arise?
(2) What does each collapse phase represent in a load-deflection response
Load Load
Deflection Deflection
I I
Load Load
Deflection Deflectio
I I I IV
Load
Deflection
V
Figure 1.3.1 Load-deflection responses for structures
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which demonstrates a succession of folds?
(3) These load-deflection responses are typical of "snapping-action".
Would a structure for instance, theoretically demonstrating structure 
response I I I  attain the ultimate load x*** or would i t  fa i l  by 
snapping at the f i r s t  maximum load, X *  owing to dynamic effects.
In the sequel answers to these questions w ill  be evolved in 
general terms and in detail for structural models.
1.4 Form of Sequential Collapse Curves
In section 1 .3 .1 , i t  is seen that a structural load-deflection 
response may consist of a series of maximum and minimum loads. The 
ultimate load on the structure may correspond to the f i r s t  maximum load 
or any of the other maxima. Response curves which have two maxima with the 
ultimate load switching from one maximum to the other in the sequence as 
design parameters are varied are the simplest form of curves which are 
representative of the above situation. I t  w ill  be demonstrated that 
the following load-deflection curves illustrated  in figure 1.4.1 may be 
considered suffic ient -to .show the relevant :features in the 
collapse behaviour of a structure which is propagated by .progressive
fa ilure  of its  members. P and 6 represent the load and deflection
parameters respectively.
In this thesis, the family of curves'shown in figure 1.4.1 is
thoroughly investigated. The f i r s t  maximum,minimum and second maximum
loads of a P - 6 curve representing three c r it ic a l states of equilibrium  
are identified as P*, P** and P*** respectively. I f  on variation of a 
design parameter P** coalesces and annihilates with P*, the response curve 
has a single maximum load and is identified as p * * *1. I f  P** coalesces 
and annihilates with p* * * 9 the single maximum load on the P-<5 curve is 
termed P*1.
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p * '
p** ~~’i
Figure 1.4.1 Family of non-linear load-deflection curves
‘ 1*4.1 Potential Energy Function
A potential energy function is considered from which load-deflection 
relationships are derived. The aim here is to study the behaviour of 
the family of curves obtained by varying the coefficients of the potential 
function. This would correspond to varying design parameters in a real 
structure. In figure 1.4.1 i f  the load-deflection curve has three 
c r it ic a l loads, P*, P** and p * * *s the curve may have four possible 
equilibrium states in the load ranges defined by
i ) p** < P < P*** for P* > P*** and
i i )  p** < P < p* for P* < P***
The potential energy function, V, for a conservative system may 
be expressed as
V = U - PS ........  (1 .4 .1 )
where 0  = strain energy
P = generalised load on the structure 
6 = corresponding displacement of the applied load.
i
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Since i t  is possible for some curves in the family of responses shown in 
figure 1.4.1 to have four possible equilibrium states, at least a quartic 
function is required to represent them and this implies a quintic function 
for the total potential energy. In a single degree of freedom system 
the deflected shape is completely specified i f  6 is known. In this 
case, the strain energy U may be expressed as a function of 6 , the 
corresponding deflection of the load. I t  is therefore assumed
U = f 5 « 5 + f 4 6 4  + f 3 « 3  + f 2 S2 + i y  + f  ........  (1 .4 .2 )
where f^., f^, f^, f-j and f  are real coefficients. Substituting 
equation (1 .4 .2 ) into equation (1 .4 .1) gives
V = + f ^6 + f 2 <S^ + f -|6 + fg - P6 . . .  (1 .4 .3 )
f  may be set equal to zero without loss of generality. The necessary 
and suffic ient condition for V to be stationary and the system to be in
equilibrium is ^  = 0
^  = 5 f5 S4  + 4 f4 « 3  + 3f3 62 + 2 f26 + ^  - P = 0 . . .  (1 .4 .4 )
Again f-j may be set equal to zero without loss of generality (since i t  
merely acts as a datum "load" in the equilibrium equation). Equation 
(1 .4.4) then gives
P = 5fj.s4  + 4 f4 63  + 3f3 62 + 2 f26 ........  (1 .4 .5 )
The second variation of the potential energy function is
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^U- = 20fg63 + 12f462 + 6f,S + 2f„
d<5
( 1 . 4 . 6 )
C ritical states of equilibrium i .e .  the l im it points are obtained by 
equating the second variation of the potential energy function to zero, 
Equation (1 .4 .6 ) becomes
0 = 63 + Z162 + + Zg
where Z-j =
Z2
Z3 =
H i
5f,
3 f 3
W r
10f,
substituting (see reference [17] )
(1 .4 .7 )
(1 .4 .8 )
5 = X -  Z} /3 ( 1 .4 .9 )
the resulting equation (1 .4.7) in its  reduced form becomes
x + HX + 6  = 0
where H = Zn - 1
L 3
Q= 1Z\ -  9Z]Z2 + 27Z3 
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(1.4.10)
(1.4.11)
(1.4.12)
Equation (1.4.10) may have one or three real roots depending on the 
coefficients of H and G. The number of roots is determined by the 
discriminant of the equation (see reference 18).
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The d is c r im in a n t  o f  equation ( 1 . 4 . 1 0 )  is
D = -  (27G2 + 4H3)   (1.4.13)
The sign of the discriminant distinguishes the different types of 
cubic equation and is given as:
>0 , the equation has three distinct real roots.
=0, the equation has 3 real roots of which at least 2 roots are
equal
<0 , the equation has 1 real root and two conjugate complex roots.
The onset and end of the occurence of a response with three stationary 
points is demarked by putting D = 0 giving
27G2 + 4H3 = 0   (1.4.14)
H and G are coefficients. H is related to fg, f^ and f^ and G is 
related to f 3 9 f^ arid f^. H and G are now treated as variables 
to investigate families of potential functions. Varying H or G
varies the respective f  ^ where i = 2,3,4 or 5. This is a complex
variation of the potential energy function. The parameters H and G 
are varied one at a time to show how the load-deflection response curves 
change in form. H and G may be varied as indicated below.
( i )  H= constant, G varying
From equation (1 .4 .14 ), a c r it ic a l condition is obtained i f
® = ~ J  ~zr~   ( i . 4 . i 5 )
where a bar on G represents the c r it ic a l value for arbitrary H,
This implies H^O i f  G is to be a real coefficient. There are two ways 
to make H  ^0
(a) I f  a value of Z-j is chosen, can be determined from equation
(1.4.11) so as to make H< 0 or
(b) I f  a value of Z^  is chosen, Z-j is determined from equation (1.4.11)
so as to make H  ^0
H is any negative arbitrary number. The c r it ic a l values, G are obtained 
by substituting the value of H obtained from equation (1.4.11) into 
equation (1 .4 .15 ). Knowing the values of G, the c r it ic a l values of 
Zg is determined from the equation below.
In this manner, H can be kept constant (once values of Z-j and Z^  are 
chosen) and G varied by changing values of Z^  to span the c r it ic a l  
values Z3  . From equation (1 .4 .8 ) ,  this means f^, f^ and f^ are to 
be kept constant and f 2 varied.
(2) G= constant, H varying
From equation (1.4.14) the c r it ic a l value of H is given by
where again a bar on H is used to indicate the c r it ic a l value.
H can be varied by varying Z^  or Z2 or Z-j and Z2 simultaneously. 
Equation (1.4.12) shows that one way for G to be kept constant is that
Z^  should be kept constant and Z-j and Z^  varied simultaneously. I f  Z-j
is the chosen variable, Z2 is given-by equation (1.4.12) as
27G - 2Z  ^ + 9Z.jZ2
. (1.4.16)
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(1.4.17)
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z = 27 ( Z3 -G) + 2Z^
( 1 . 4 . 1 8 )
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I f  is the chosen variable, Z-j is given by the solution of the 
reduced cubic equation below.
For simplicity and to reduce arithmetic work to a minimum, Z-j is taken 
as the chosen variable. I f  Z^  is kept constant and Z-j and Z2 varied 
simultaneously, from equation (1 .4 .8 ) ,  this means keeping anc* ^5  
constant and varying f^ and f^.
Finally , i f  the derived equation is to represent the P-S 
behaviour of a structure which is in i t i a l l y  stable at zero load and in 
the in i t ia l  load range then the condition of a positive second variation  
of potential energy must be imposed in that range. Therefore the 
necessary and suffic ient condition for the s ta b il i ty  of the equilibrium  
states must be imposed giving
06
function must be multiplied by - 1 , which implies that our original 
function for V (equation (1 .4 .1 ))  must be sim ilarly adjusted.
I t  can be seen from section 1.4.1 (1) and 1.4.1(2) that f,- can be
2Z  ^ - 9Z.jZ2 + 27Z3 - 27G = 0 (1.4.19)
(1.4.20)
then the second derivative of the potential energy
kept constant and f 2, f^ and f^ varied accordingly.
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1.4.2 Examples
The relationship between H and G given by equation (1.4.14) is a 
2/3 power law. This is a cusp as shown in figure 1.4.2.
equation
(1.4.14)'
Figure 1.4.2 The Cusp.
Various sections through the cusp are investigated to show the changes 
in the form of the P-<5 curves as parameters H and G are varied. Three
sections are investigated. They are sections A-A, B-B and C-C.
Section A-A corresponds to keeping H constant and varying G while sections 
B-B and C-C correspond to keeping G constant and varying H. In the 
examples given below, f^ is kept constant. Arbitrary values are adopted 
for the parameters.
1.4.2 (1) H constant, G varying
An arbitrary value is adopted for f^
Let f 5 =2ll
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I f  H is kept constant and G is varied, i t  implies f 3 and f^ are kept 
constant and is varied.
Let the value of f^ be
From equation (1 .4 .8 ) ,  Z-j = -7. I t  is seen from section 1.4.1 that 
for a curve to have three c r it ic a l points of which at least two of them 
are equal, H must be negative or zero. From equation (1.4.11) i t  
implies Z3 < 16.33 
Let Z^  = 14 
From equation 1.4 .8, f 3 =
The value of H obtained from equation (1.4.11) is -2.333.
The c r it ic a l values of G are obtained from equation (1.4.15) giving
G = - 1.372. The c r it ic a l values of Z^  is given by equation (1.4.16)
I f  G = 1.372, Z3 = -5.887 and i f  G = -1.372, Z3 = -8.631. A curve
with three stationary points is obtained i f  Z^  = -7, Z^  = 14 and i f
-8.631 <Z3 < -5.887. I f  Z3 = -8.631 or -5.887 a c r it ic a l type of
response is obtained. Since the range of interest of Z3 is negative
the corresponding values of f 9 are negative. Substituting these
d2Vcoefficients into equation (1 .4.6) g ives— 9 negative value. The
d6
second variation of potential energy function is made positive in this 
particular case by changing the sign of f^. The values of the 
coefficients are given as:
I t  should be noted that the values of 9 and remain unchanged. 
Equation (1.4.5) may now be expressed as
*4 y ~3- o
P = - —  + -  -  7,5 - Z. 6  ........  (1.4.21)
4 3
and equation (1 .4 .3) is given by
v = - ^  + -  64 - -  ^  - Z3 ^  " P6 • • • • •  O - 4 -22)
20 12 3 ~1
Figure 1.4.3 shows the.load-deflection curves 
for l y  -7 , Z2 = 14 and varying values of Z^. The development and 
degeneration of a response with two maxima separated by minimum is given. 
In i t i a l l y  a response with c r it ic a l load P* 1 is seen in I .  P** is next 
developed at the point of inflexion to the right of P* in I I .
The value of Z  ^ is c r it ic a l being equal to -5.887 (and G = 1.372).
A response which evidently shows three stationary points is seen in I I I .  
P*** becomes equal in magnitude to P* in IV. The value of G is zero. 
P*** becomes the ultimate load in V. Eventually P** and P* coalesce
and annihilate forming a point of inflexion this time to the le f t  of
p* * *  in VI. Zg is again at its  c r it ic a l value being equal to -8.631 
(and G = -1.372). A single c r it ic a l load p* * * 1 exists in V II .
The c r it ic a l loads on the load-deflection plots are of interest  
because they indicate boundaries between stable and unstable paths.
The projection of the c r it ic a l loads from the load-deflection plots for  
various values of Z3  onto the c r it ic a l load-varying parameter plane 
(Pcr -Zg) is shown in figure 1.4 .4/. Curves AB, CB and CD 
represent the loci of P*, P** and P*** respectively. Point C 
represents the coalescence and annihilation of P** and P*** and point
CURVE NO.
FIGURE 1 -4 -3 .  LOAD VERSUS DEFLECTION PLOTS FOR VARIOUS 
VALUES OF Z 3 . H = -2 - 3 3
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B represents the coalescence and annihilation of P**and P*.
At point E, P* and P*** are equal in magnitude.
1.4.2 (2) G = constant, H varying
I f  G is constant and H is varied, fg and f^ are kept constant 
and fg and f^ are varied simultaneously. Consider one of the curves 
given in figure 1 .4 .3 , say curve V. The coefficients are given as:
f  = - i5 20
f  = 1  4 12
f  = - l3 3
f 2  = 4
From equation (1 .4 .8 ) ,
Z! =  " 7
Z2 = 14
Z3 = ' 8
-20Substituting these values into equation (1.4.12) gives G =
The c r it ic a l value of H is obtained from equation (1.4.17) giving 
H =-1.55. I f  now Z-j = - 8  and values of Zg and b are as before, 
substituting these variables into equation (14.18) gives Zg = 16.94. 
Substituting values of Z-j and Zg into equation (1.4.11) gives H = -4.39 
The coefficients of f . ,  i=2,3 ,4 ,5  are
f  5 " YO
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Equation (1 .4 .5 ) may be expressed as
4 3
P = - - —  + - S -  8.47s2  + 8 6  . . . .  (1.4.23)
20 3
and equation (1 .4 .3 ) may be written as
5 4
V = - - —  + — 5 -  2.82363  + 462 -  P6 . . .  (1.4.24)
20 3
By a similar procedure, further values of Z-j are selected so as to 
obtain values of H on either side of H.
Figure 1.4.5 shows the effect of keeping G 
constant and varying H. A change in behaviour occurs at H = H.
This is il lu s tra ted  by curve I I .  For this value of H, P* and P** 
coalesce and annihilate forming an inflexion point to the l e f t  of P***. 
I f  H<H , response curves with three stationary points are obtained 
and are shown by curves I I I  and IV. P*** is always greater than P* 
and (p*-p**) and (p*** -p**) both increase as H further decreases.
I f  H>H, a curve with a single maximum is obtained, p * * *1. This is 
indicated by curve I .
Figure 1.4.6 is a plot of c r it ic a l loads versus
H. Curves AB, AC and DE represent loci of P*, P** and-P*** and p* * * 1 
respectively.
By considering positive values of G and varying H, another set 
of curves similar to those shown in figure 1.4.5 is obtained but in this
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case, P* 1 ;or P* always dominates. These are shown in figure 1.4.7. 
Critical loads-varying parameter plot is shown in figure 1.4 .8.
Variations of H and G have produced different forms of load- 
deflection responses. Parameters H and G are said to govern the 
potential energy function and may be termed control parameters of the 
function. These parameters are comparable to physical quantities of 
structural systems whereby changing these quantities give rise to 
different structure behaviour. In the following chapters where 
structural models are investigated, the control variables w il l  be' linked 
to physical quantities of structural systems.
Some of the load-deflection curves shown in figures 1.4 .3 , 1.4.5  
and 1.4.7 show intermediate in s ta b il ity . These curves are of prime 
interest because they possess two maxima which can be of d ifferen t  
magnitudes. In a s tatic  sense, the greater of the two maxima 
represents the load carrying capacity of a structure. Again in the 
section where structural models are considered, i t  w ill be shown that each 
and every one of these curves may represent sequential fa ilu re  behaviour.
A summary of the form of the load-deflection curves at various 
points on the cusp-shaped curve shown in figure 1.4.2 is now given and 
this is very clearly illustrated  in figure 1.4.9.
The cusp-shaped curve AOB represents the situation where there is 
a change in the behaviour of the system. Outside the cusp, the response 
curve has a single maximum. Inside the cusp, the response curve has two 
maxima and a minimum. At the curve AOB, P** develops forming a point 
of inflexion. The point of inflexion is to the le f t  of p*** i f  G is 
negative and is to the right of P* i f  G is positive. Inside the cusp at 
G = 0, P* and P*** are equal in magnitude. At the tip  of the cusp,
i
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H = G = 0, a response with a unique maximum is obtained. P* and P***
coalesce and annihilate the minimum at this point.
The tip  of the cusp is the generic point. Sflight departure 
from this control point gives rise to the various responses described.
Later i t  w ill  be shown that G and H can be analogous to 
structural' design parameters in particular models. Variation of these
design parameters w ill  bring about exactly similar changes in the
sequential in s tab il ity  behaviour as indicated in figure 1 . 4 . 9 .
1.5 Critical States of Equilibrium
Having obtained the potential energy function, V, the equilibrium  
path and c r it ic a l equilibrium states are easily established by performing 
a f i r s t  and second differentiation on. the potential energy function 
respectively.
I f  the values of H and G of equation (1.4.10) are such that the 
response curve has three c r it ic a l points, the roots of the equation may 
be obtained by trigonometrical solution (see reference (18)) since only 
real numbers and real roots are involved.
The trigonometric expansion for cos30 is
4 cos ^ 0 - 3  cos 0 = cos 3 0  ........  (1 .5 .1)
Let K be any number and multiplying equation (1 .5.1) throughout by the 
cube of this factor gives
4(K cos 0 ) 3 -  3K2 (Kcos 0) -  K3  cos 30 = 0   ( 1 .5 .2 )
Equation (1.4.10) which is
X3 + HX + G = 0 '
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may be compared with equation (1 .5 .2 ). The roots of equation (1.4.10) 
X-j, X^ 5 and X^  are:
Substituting these c r it ic a l values of X i .e .  X-j, X^  and X  ^ into 
equation (1 .4 .9 ) give c r it ic a l values of 6
Substituting equation (1 .5 .5 ) into the equation defining the load- 
deflection response gives the c r it ic a l loads of the equilibrium path. 
Note that i f  H=0 and K=0 , X-j = X2 = Xg i .e .  the three roots are equal.
1.6 Dynamic Snap
In section 1.4, a set of curves obtained from a mathematical 
function is il lus tra ted . I t  is seen that there are three d ifferent  
forms of curve,
(1) A curve with one maximum which is either P*‘ or p * * * ‘ ,
(2) A curve with two maxima with P* as the ultimate load.
(3) A curve with two maxima with P*** as the ultimate load.
X-j = K cos 0
X« = K cos ( 0 + 2 £  ) 
c 3 (1 .5.3)
where K = \
(Note: H<^0) (1 .5.4)
6i = xi ~  where i= l ,2 ,3 (1 .5 .5)
In structural s ta b i l i ty ,  i t  is common practice to define the 
s ta b il i ty  of a system through a study of the potential energy of the 
system. Potential energy curves are drawn for various load values for 
selected load-deflection responses. They are shown in figures
1.6.1 to 1.6.7.
Minimum, inflexion and maximum points on the constant-load energy curves 
represent stable, c r it ic a l and unstable equilibrium states respectively. 
The locus of these points on the energy plot give a trace of the 
equilibrium path and is indicated by dotted lines in each diagram.
The energy curve for constant-load equal to the values P*1 or P***' 
or P* is emphasized in each diagram.
Figures 1.6.1 and 1.6.2 show the energy plots for two load- 
deflection responses each having a single maximum load. The constant 
energy curves for P=P*‘ and p=p***' show inflexion points. I t  could 
be imagined that a sphere resting at the inflexion point w ill  be 
displaced to another distant equilibrium state at the slightest 
disturbance. For such responses, dynamic snap takes place at the 
maximum load. Figure; 1.6.3 - shows that i f  the load-deflection 
response has two maxima and i f  the f i r s t  maximum load is greater 
in magnitude than the second maximum load, dynamic snap w ill take 
place at the f i r s t  maximum load.
The potential energy plots for various load-deflection responses 
having two maximum loads and in which p*<p*** have shown interesting  
results. Figure 1 .6 .8  is conveniently introduced to help explain the 
diagrams 1.6.4 to 1.6.7
With reference to figure 1.6.§ le t  the potential energy at 6=6*, 
P=P* be defined as V* .and the potential energy at 5=6, P=P* be defined 
as V. Figures 1.6.4 to 1.6.7 show load-deflection curves with p*<p***.
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In figures 1 .6 .,4 and 1.6.:5', the constant-load energy curves for P=P*
\
show that V*>V while in figures 1.6.6 and 1 .6 .7 , the constant-load 
energy curves for P=P* show that V*<V.
I f  V *>V, i t  may be anticipated that there is complete snap- 
through i .e .  local collapse triggers overall collapse by virtue of the 
dynamic snap when there is suffic ient static  energy to convert to 
dynamic energy to overcome the adjacent static energy 'hump*. This is 
similar to the energy criterion of Von Karman and Tsien [1 ] .  Of course 
a true dynamic analysis taking fu ll  account of the inertia  properties 
of the system may give a less conservative criterion for this phenomenon.
I f  V*<V, the system snaps and rests in the next stable equilibrium path.
The restabilization in this case allows the system to carry further 
loading until P*** is attained. The structure snaps again at p=p***.
The constant-load energy curve for p=p*** shows an inflexion point..
The energy plots have shown that i f  a system displays a load- 
deflection response with p*<p***, the structure on reaching P* may bypass 
the next stable region and come to rest at a distant equilibrium position. 
P*** is therefore never attained. These ideas indicate the importance 
of the problem of dynamic snap in the analysis of structures which are 
liable to demonstrate sequential in s ta b il ity  under loading. I f  these 
effects are ignored i t  may be that the actual collapse load of the 
structure may be overestimated and this could be potentially dangerous.
1.7 Catastrophe Theory
Investigation into Thom's Swallowtail Catastrophe revealed that 
a ll  the load-deflection curves obtained in Section 1.4 can be qua lita tive ly  
produced by this elementary catastrophe. A brie f summary is f i r s t  given 
of the basic ideas in elementary catastrophe theory before a detailed
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examination is made into the Swallowtail Catastrophe. At a ll  stages in 
the investigation, reference is made to the results obtained in Section 
1.4 for comparison.
1.7.1 Introduction
Catastrophe theory which is derived from topology and propounded
/ /
by Rene Thom [ lg ]  has found applications in various branches of science [19] 
I t  is essentially graphic.
The potential functions of Thom's seven elementary catastrophes, 
the FOLD, CUSP, SWALLOWTAIL, BUTTERFLY, HYPERBOLIC UMBILIC, ELLIPTIC 
UMBILIC and PARABOLIC UMBILIC are given in Table 1.7.1 
(see reference [19] ) .  The potential functions embody parameters which 
govern the functions and are termed control parameters. They are given 
by the coefficients of the polynomials,. a,b,c and d. The maximum 
number of control parameters is four. The variables x and y define the 
behaviour of the system. Stationary points of the potential function 
define equilibrium surfaces and c r it ic a l states of equilibrium on these 
surfaces define situations where changes in behaviour occur. These 
'catastrophes' can be used to define the qualitative behaviour of a 
system.
1.7.2 Swallowtail Catastrophe
Attention is now focussed on the Swallowtail Catastrophe.
Thom laid down the potential function for this catastrophe as:
Vabc (* )  = 1 + lax^ + Ibx^ + cx   (1 .7 .1 )
IT U ?
where V = potential function,
a,b,c = control parameters represented as coefficients
of the polynomial
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Name of
elementary catastrophe Potential function
Fold 1 x2 + ax 
7
Cusp 4 2 1 x + 1 ax + bx
? 2
Swallowtai1 1 x  ^ + 1  ax2 + 1 bx2 + cx 
7  1  7
Butterfly 1x^ + 1 ax  ^ + 1 bx^ + 1 cx2 + dx 
6 J  7  7
E ll ip t ic  Umbilic 3 2 2 2 x - 3xy + a(x +y ) + bx + cy
Hyperbolic Umbilic 3 3 x + y + axy + bx + cy
Parabolic Umbilic 2 4 2 2 x y + y + ax + by + cx + dy
Table 1.7,1
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x = variable defining the behaviour of the system.
The potential function describing the Swallowtail Catastrophe is 
governed by control parameters in the same way as the potential energy 
function derived for a system displaying a set of load-deflection curves 
in section 1 .4 .1 . As has been mentioned in section 1 .4 .2 , these 
parameters are comparable to physical quantities of a structural system. 
For example, i f  the rise of a constant span arch is varied, a family of 
load-deflection curves is generated. The rise is one of the control 
parameters of the system defining the behaviour of the arch.
The equilibrium surface is formed by co-ordinates of a ll  points 
corresponding to the condition when the f i r s t  derivative of the 
potential function is zero. This is equivalent to saying that a state 
of statical equilibrium occurs at stationary points of the total potential 
energy function and the necessary and suffic ient condition for V to be 
stationary is that the f i r s t  derivative of the potential energy function 
with respect to the generalised co-ordinates describing the system be 
equal to zero.
a negative value of a and varying values of b together with a plot of the 
cr it ic a l loads on these curves against the varying parameter b. The c-x 
plots have the minimum points centred at the origin and the c r i t ic a l  
loads-varying paramter plot is symmetrical about the Cc r —axis. These 
plots are qualitatively  similar to the set of graphs displayed in • 
figures 1.4.3 and 1.4 .4. Plots of c versus x for a negative and positive
4 9
d- vabc(x) = x + a x  +bx  + c = 0
giving
(1 .7 .2 )
Figure 1.7.1 shows a set of c versus x plots for
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value, of b and varying a are shown in figures 1.7.2.- and 1.7.3.
Again they are qualitatively  similar to those shown in figures 
1.4.5 and 1.4.7 respectively.
The c-x function is governed by the two parameters, a and b.
The relationship between the controlling parameters for the case when 
a maximum and minimum annihilate is a cusp as shown in figure 1 .4 .9 .
The amalgamation of the c r it ic a l loads -b plots for a ll  values of a 
generates the complete c r it ic a l behaviour in the Ccr -a -b space.
The picture is shown in figure 1.7.4. In the- region where 
a < 0 ,  and in the range where there are three folds in the c-x plots as. 
indicated in figures 1.7 .1 , 1.7.2 and 1 .7 .3 , there are three surfaces.
Each surface represents a set of c r it ic a l points - the set of P* or P**  ^ r 
or p * * * t yhe CUSp i i nes represent annihilation of P** and P* or P** 
and P*** depending on whether b takes negative or positive values. The 
self-intersection curve indicates equality of P* and p***. At a = b = 0 
the three surfaces meet at a single point. This is the generic or 
swallowtail point. Slight departure from this control point gives rise  
to the various responses described. In the region where a>0, there is 
only one continuous surface indicating a response with a single maximum. 
Sections of figure 1.7.4 for a = 0 and a > 0  are also shown in the same 
figure.
The Swallowtail Catastrophe may be shown to be capable of “ 
generating the required qualitative collapse features of a system 
exhibiting a series of progressive in s ta b il i t ie s .
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1.8 Discussion
The set of load-deflection curves shown in figures 1 .4 .3 , 1.4.5 
and 1.4.7 is su ffic ient to show the characteristic features in the 
collapse of large reticulated structures brought about by sequential 
collapse.
A potential energy function has b e e n f o r  a system 
displaying the set of behaviour curves and remaining elastic throughout 
loading. Changes in only two control parameters of the system are 
suffic ient to bring about the complete change in form of the load- 
deflection curve. Depending on the values of the control parameters* 
in i t ia l  local collapse may lead to and be synonymous with global collapse 
or in i t ia l  local collapse may be followed by a restabilised regime 
culminated by global collapse. For the la t te r ,  although intermediate 
in s tab il ity  arises the structure is capable of supporting further loads. 
Qualitatively similar results can be established by Thom's Swallowtail 
Catastrophe. Therefore this catastrophe may be referenced to explain 
sequential collapse behaviour.
The energy plots for selected load-deflection curves have 
revealed very important information regarding equilibrium paths having 
two maxima and in which the second maximum load is greater in magnitude 
than the f i r s t  i . e .  P*< p***. Although the theoretical equilibrium 
path may have p * * * > p * 9 i t  may be that the system collapses at P* and not 
P*** as indicated by the static load-deflection curves because of 
dynamic snapthrough. Whether a complete snap-through w ill  be experienced 
or not is governed by the potential energy values V* and V and these in 
turn are linked to the control parameters of the general potential energy 
function.
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CHAPTER 2
THE ARCH-BEAM SYSTEM
2.1 Introduction
In Chapter 1, a series of load-deflection equilibrium paths 
representing non-linear s ta b il ity  phenomena was reviewed. In this 
chapter, a mechanical model is used to demonstrate these s ta b il i ty  
characteristics. I t  formed the basis of a study on sequential 
• in s ta b il i ty .  The'basic s ta b il ity  behaviour of multi-component 
structures is reproduced by this model.
The collapse mechanism of a reticulated structure is in general 
characterised by a set of c r it ic a l members v/hose strength lim its have 
been exceeded interconnected by the remaining non-critical members.
The member strength lim its may be elastic in s ta b il i ty ,  plastic buckling 
or tensile y ie ld . A simple model composed of three c r it ic a l members and 
an elastic beam which formed the connection between the members is 
considered. The elastic beam represents the non-critical members which 
remain elastic . Load redistribution following fa ilu re  of one of the 
c r it ic a l members is via the elastic beam.
The c r it ic a l members of the model are arches. Herein is 
presented a conservative elastic structure comprised wholly of elastic  
components. Under loading, the arches buckle sequentially and large 
deflections are demonstrated by the non-linear members. The load- 
deflection curves shown in Chapter 1 describe the behaviour of the system 
here and the system is an example of a structure showing these equilibrium
characteristics. For this system, because of its  simplicity, 
equilibrium paths may be derived directly and c r it ic a l loads of the 
equilibrium paths obtained there from. The model has enabled a study 
of large-deflection non-linear elastic conservative systems to be made 
without in i t i a l l y  deriving a potential energy function for the system. 
Even for this simple system, because of the non-linear members, a 
potential energy function obtained by synthesis from its  member 
behaviour generates a very high power equation and mathematical 
d if f ic u lt ie s  arise in solving the second derivate of the potential energy 
function in order to obtain the c r it ic a l equilibrium states.
I t  has been shown in Chapter 1 that the forms of the theoretical 
load-deflection curves is governed by two parameters which have been 
termed control parameters. In this structural model, the rise of the 
arch and the e la s tic ity  of the interconnecting beam are the two 
physical quantities of the system which govern its  behaviour. These 
physical quantities are analogous to the control parameters of the 
equation describing the load-deflection curves in section 1.4.
The family of load-deflection curves is of a high degree of 
complexity. In this chapter, the qualitative nature of these curves 
(structure fa ilu re ) is linked with member collapse characteristics and 
stiffness of the interconnecting elastic beam. Since the results 
obtained are used to show qualitatively the mechanics involved in the 
collapse of multi-component structures, the adoption of a non-linear 
mathematical function which w ill qualitatively  depict the change in 
the arch load-deflection response as the rise or some other controlling 
parameter is varied is considered suffic ient for its  purpose.
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Timoshenko's results on the buckling of very f la t  curved bars 
is adopted for the analysis because of its  simplicity in form. I t  is 
considered that no qualitative changes w ill be obtained by adopting the 
more sophisticated equations given in references, C20 U [ 21 3 
although the results therein are obtained from a more accurate analysis 
of the behaviour of an arch subjected to a concentrated load at its  
crown.
Many researchers have investigated the non-linear buckling 
behaviour of conservative elastic structures. Thompson [14] examined 
the continuous equilibrium path exhibiting a succession of folds and 
deduced the s ta b il i ty  regions. The s ta b il i ty  of an equilibrium path 
is changed at a fold. I t  may either terminate the region of known 
s ta b il i ty  or regain its  original s ta b i l i ty .  Herein is presented a true 
non-linear elastic behaviour which is also characterised by a series of 
folds.
A simple method of analysis based on the conditions of static  
equilibrium and compatibility is adopted to investigate the behaviour 
of the system as the rise of the arches and e la s tic ity  of the in te r ­
connecting beam are varied. I t  is also a buckling model for Thom's 
Swallowtail Catastrophe.
2.2 Member Characteristic
272.1 Mathematical formulation of the Member Characteristic
In this section, a brie f summary of Timoshenko's results on 
the buckling of a very f la t  curved bar is given. I t  must be emphasised 
that a mathematical equation which would qualitatively  describe the 
behaviour of the arch under loading is suffic ient for the purpose here 
and therefore the form of the arch response was what mattered.
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Figure 2.2.1 - A f l a t  arch.
A f l a t  arch is loaded as shown in figure 2.2 .1. The arch 
buckled symmetrically into the form indicated by the dotted line . The
in i t ia l  centre line is given by:
y = a sin TT.X (2 . 2 . 1)
I f  one of the hinges is replaced by ro lle rs , the equation of the centre 
line is represented by:
a (1-u) sin 
3
7T X  
I
where u = P£W I
  (2 .2 . 2 )
  (2 .2 .3 )
El = flexural r ig id ity  of the bar in the plane of the centre l in e .
A horizontal thrust H is produced i f  under loading the ro llers are 
restrained from movement. The equation of the centre line is now 
given by:
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TTX
£   (2 .2.4)
where a (2 .2.5)
The equation is valid for:
-1 > u > 1 and 
a < 4
The symmetrical buckling nature of the arch terminates at a = 4.
Assuming that the compressive force along the length of the bar 
is constant and equal to the horizontal thrust, H is calculated from:
m varies inversely with the in i t ia l  rise of the arch. The span and the 
cross-sectional area of the arch are kept constant.
From equation (2 .2.4) the centre-line of the arch at any instant 
of loading is obtained from
2 dx (2.2.6)
Substituting for and ^2 and performing the integration gives: 
dx “ 37
(1-u)2 = (1-ma) {1 -oi)2 (2 .2.7)
*T iwhere m = ^ (2 .2 . 8)
1-u (2 .2 .9 )r
72
where r = a1 
a
. . r  -  1 + ugiving a = -------------- ( 2 . 2 . 10)
Substituting (2.2.10) into (2 .2.7) gives:
L
m
3
. . . ,  ( 2 . 2 . 11)
From equations (2 .2 .3 ) and (2 .2 .8 ) ,  P is given as:
(2 . 2 . 12)
where c =
z
41 
A
(2.2.13)
C may be considered as unity without loss of generality since i t  
is constant for the family of arches considered.
The load-deflection response for a given rise of arch is defined 
by equation (2 .2 .12).
2.2.2 Member Response
values of rise of arch. A sh ift  transformation is applied to equation 
(2.2.12) so that the curve begins at F.j=<5.j= 0* F°r 0 .2 5 < m < l,  the
continues until the minimum load is reached whereupon the arch regains 
its  original s ta b il i ty .  Buckling is said to have taken place for an
load under "dead loading". This region of in s tab il ity  decreases with a 
decrease in the rise of the arch. At m = 1, the maximum and minimum
Figure 2.2.2 shows the member response for various
arch becomes unstable at a maximum or l im it load. In s ta b il ity
arch demonstrating such a response and snapping occurs at the maximum
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loads meet and form a point of inflexion. No buckling occurs for an 
arch with a lower rise than th is . The load-deflection response for 
values of m greater than 1 shows that there is increase in load with 
increase in deflection throughout. The loci of c r it ic a l points 
(maximum and minimum loads) are indicated in the figure by a bold dashed 
l ine. The. projection of the loci of these c r it ic a l points onto the 
load-controlling parameter space (F^  versus m) is a cusp.
Figure 2.2.3 shows the load (im plic it  in u ) 
horizontal thrust ( im p lic it  in a) curves plotted for various values of m.
There are three types of curves in the diagram and these are shown in
figure 2.2 .4.
For each case, as the arch is loaded, the horizontal thrust 
increases from zero to some maximum and decreases back to zero. Curve I 
represents the case where there is no buckling. There is increasing 
load throughout. Curve I I ,  a cusp-shaped curve is unique in the family 
of load-horizontal thrust curves and corresponds to the unique load- 
deflection response which has the inflexion point. Curve I I I  represents 
the case where buckling occurs. The horizontal thrust is maximum in 
the unstable region of the load-deflection response. The curves form 
a surface which has a line of self-intersection given by a = u = 1.
This is shown clearly in figure 2.2.3 by a straight line parallel to the 
m axis.
2.3 The Model
A simple structural model as shown in figure 2.3.1 is considered. 
The model is comprised of three identical parallel equally spaced 
elastic arches. The member characteristic is shown in figure 2.2.2,
The members are presumed -to . fa i l  by buckling and shed load
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until the minimum load is attained. The nature of the post-buckling 
path is dependent upon the value of m, the rise parameter of the arches 
as previously described with reference to figure 2.2.2.
The members are connected .together by an elastic beam of flexural 
r ig id ity ,  El. I t  is convenient at this stage to define a model 
parameter K given as
K " El
A single point load acts through the beam onto the centrally  
disposed member. In tu it iv e ly ,  i t  can be seen that the central member 
carries a major proportion of the load. The two outer arches carry the 
remaining load in equal amounts. The middle arch buckles and sheds 
load via the elastic beam to the outer arches. These arches increase 
their load carrying capacity until they themselves buckle. I t  w il l  be 
seen that depending on the values of K and m, the ultimate load of the 
system is attained following the fa ilure  of the middle or outer arches.
We note immediately that the behaviour w ill l ie  between two 
extreme cases:
i )  an in f in ite ly  rig id  beam - the arches sustain identical 
loads and deformations and the collapse load is simply three 
times the snapthrough load of an individual arch, 
i i )  a zero-stiffness beam— only the central arch buckles and 
the outer arches are not involved ( the degenerate case).
We notice that at these two extremes the load-deformation characteristic  
of the system is such that only one maximum load is attained and 
furthermore local and global collapse are synonymous.
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Although a study of the model is of interest in its  own right 
i t  is hoped that i t  w ill shed lig h t upon the fundamentals of sequential 
buckling in more complex systems. The elastic beam simply acts as a 
connecting medium between the potentially unstable arch members and as 
a reservoir of elastic strain energy. In an in tricate  pin-connected 
space frame., for example, the beam would be analogous to the non-critical 
members which interconnect those c r it ic a l members which buckle and form 
the local and global collapse mechanisms.
2.4 Theoretical Analysis
Using the terminology and notations given in figures 2.2 .2 and
2.3 .1, the governing equations of the model can be stated.
Equation of equilibrium:
A computer was required to e ff ic ie n t ly  solve the numerical problem 
even for this simple model because of the non-linear behaviour of the 
arches. A computer program was written in FORTRAN to perform the 
theoretical analysis and by including in the program GINO routines,
(a graphics package which was written by the Cambridge Aided Design 
Centre) the results could be output graphically.
Having defined the form of the non-linear member characteristic  
mathematically, the load at a given deflection or vice versa can be 
determined easily. The deflection and load values of the outer arches 
are substituted into equation (2.4,2) to calculate the deflection of the
(2 .4 .1 )
Equation of compatibility
6-j = 62 + F2K (2 .4 .2 )
3
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middle arch for a selected value of K. The corresponding force 
carried by the central arch is determined from the equation of the non­
linear member characteristic and thence the structural load from equation
(2 .4 .1 ) .  Each equilibrium path thus obtained for each value of K is 
drawn in the three-dimensional space P - 6^  - and presented for four 
different values of m in figures 2.5.1 to 2.5.4.
A quick and easy way to obtain the c r it ic a l behaviour of the model is for
the computer to record information on a l l  the c r it ic a l points of the
equilibrium paths. Plotting these c r it ic a l loads against the two control 
parameters of the model gives a complete picture of the c r i t ic a l  behaviour.
• 2.5 Structure Responses
The structural response of the model may very conveniently be
depicted by plotting the equilibrium path in the P - 6-j - 6  ^ space.
3 . .From the definition of K (K =£ /E l)  when K = there is no connectivity
between the central and outer arches. When K = 0, the beam is 
in f in ite ly  r ig id . In the la t te r  case the arches sustain identical
loads and deformations. The projection of the equilibrium path onto the
deflections plane is a straight line emerging from the origin and 
bisects ; the angle between the 6^  and 6  ^ axe$. F°r m = constant, 
the set of equilibrium paths for varying K form a "response surface" 
and for any particular value of K, the equilibrium path traces out a 
line on the surface.
These points are c la r if ied  in figures 2 .5 .1 , 2 .5 .2 , 2.5.3 and
2.5.4 which i l lu s tra te  typical model responses for m = 0.595, 0.35,
0.315 and 0.26 respectively and for various values of K between zero 
and in f in i ty .  The non-linear structure response curves may have one
of the following:
• . 1
81 .
0-
59
5
82
F
IG
U
R
E
, 
2
-5
C/O
83
FI
G
UR
E 
Z
S
-2
.
iGo
00
VO
84-
FI
G
UA
E 
-2. 
S
-3
0*
26
CM
85
FI
G
UR
E 
Z 
5-
-4
(a) no maximum and therefore no minimum.
(b) one maximum and one minimum.
(c) two maxima and two minima.
(d) an inflexion point followed by a maximum and a minimum.
(e) a maximum followed by an inflexion point and a minimum.
( f )  a single maximum corresponding to the coincidence of the two 
maxima and the f i r s t  minimum.
The loci of the c r it ic a l points in the figures are indicated by dashed 
lines. The second minimum is the consequence of the adoption of arch 
members which are able to restabilize themselves. The "ta ils" of the 
structure response curves are stable throughout.
The family of collapse curves in figures 2.5 .1 , 2 .5 .2 , 2.5 .3 and
2.5.4 are now described in de ta il .  In figure 2.5.1 as the value of K 
is increased from zero, the response curves have a maximum and minimum 
load. The two lim it  loads annihilate and coalesce at a certain value
of K. Following this value for a certain range of K, stable equilibrium
paths are obtained. In the figure, these curves are not intersected 
by dashed lines. The model has shown that i t  is possible to obtain a 
structure response with no in s ta b il ity  throughout even though the 
arches themselves demonstrate in s tab il ity  in their load-deflection plots. 
Response curves with a maximum (p ** *1) and a minimum load are obtained 
with further increases in K but unlike the f i r s t  set of this type of 
curve, the l im it  points occur at much larger deflections of the middle 
arch. This is followed by curves with two maxima ( i . e .  P* and p***)  
and two minima (the f i r s t  minimum corresponds to P**).
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I t  w ill  be seen that i f  the elastic beam is of low stiffness, the 
la t te r  type of response manifests i ts e l f .  The trace of the load- 
deflection curve from zero loading t i l l  the f i r s t  minimum load is 
attained is mainly due to the middle arch deforming. In i t i a l l y ,  the 
load on the structure is practically carried by the middle arch and the 
outer arches are deformed by very small amounts. The deformations of the 
outer arches begin to accelerate once the middle arch is in the stable 
post-buckling region. The second maximum represent the buckling of the 
outer arches and its  high load value is due to the middle arch being well 
into the stable post-buckling region. Theoretically, i t  is possible for 
the arch to be deformed well into the stable post-buckling region but 
in practice, this may not be so. Plastic hinges may form which 
eventually lead to the fa ilure  of the arch material.
The loci of the c r it ic a l loads are projected into the deflections 
plane. The regions bounded by the curves are either stable or unstable, 
therefore the curves represent s ta b il ity  boundaries. For m = 0.595,
they locate three unstable regions as shown in Figure 2.5 .5.
The locations of the unstable regions are such that some equilibrium 
paths do not transverse through them. These equilibrium paths 
correspond to those paths which do not show any in s ta b il i ty .
Figure 2.5.2 shows the family of load-deflection curves for a
higher rise of arch, m= 0.35. Responses with a maximum and minimum 
load are obtained as K is increased from zero. Unlike the previous 
case, the two l im it  points do not meet and therefore equilibrium paths
with no in s ta b il ity  do not exist. As the value of K is further
increased, response curves with two maxima and two minima are obtained. 
The second maximum is always higher and they occur at lower values of 
K (s t i f fe r  beam) than before.
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The arch demonstrates a higher degree of in s ta b il ity  (and 
therefore load-shedding) i f  the rise is increased. This accounts for 
why a response with two maxima and two minima is generated for a much 
s t i f fe r  beam than before.
The relative magnitudes of the minimum and maximum loads on the 
member response have an important effect on deciding whether p*>p*** 
or p***>p* on the structural response. Figure 2.5.6 shows the states 
of the arches on their member characteristics at the peak of each 
maximum.
The f i r s t  maximum load on the structure response corresponds 
to the middle arch passing over the maximum lim it  point and going into 
the unstable region. The outer arches are s t i l l  elastic and capable 
of supporting increased loads. At the second maximum load, analysis has 
revealed that the middle arch is already in the stable post-buckling 
region and the outer arches have passed their maximum l im it  points and 
are in the unstable post-buckling region. I t  can be seen from this 
figure that the high ratio  of the minimum to the maximum load of the 
arch member characteristic favours the generation of a response curve 
with p***^p*.
The projection of the loci of the c r it ic a l loads onto the 
deflections plane indicates unstable regions 1 and 2 (see figure 2.5.5) 
meet and "open up" to give a common unstable region as shown in 
figure 2.5.7.
There is no"free-flow" of the stable region. For a ll values of 
K, the deflections curves must pass through one or two of the unstable 
regions shown in figure 2.5.7 and this depends on the orientation of 
the deflections curves and therefore K. The equilibrium paths therefore 
exhibit in s tab il ity  once or twice at some stage.
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Figure 2.5.3 shows a set of load-deflection curves for m= 0.315. 
The response curves are not plotted from zero load but from some 
arbitrary value so as to give a clear picture in the region around the 
c r it ic a l loads. The second minimum loads are therefore not plotted.
A set of response curves having a maximum and a minimum load is 
obtained as K is increased from zero. Only one curve from this set is 
shown in the figure and in this case the maximum load is referred to as 
P*1. This is followed by another set of curves having two maxima and 
two minima. Unlike the previous case (m=0.35), the ultimate load on 
the model structure is not represented always by p***. This set begins 
with a path which has the f i r s t  maximum (P*) higher than the second 
. maximum (p***) and the magnitudes of the f i r s t  minimum and second 
maximum are very close. The ultimate load on the model is seen to switch 
from the P* to P*** at a certain value of beam stiffness. The set 
terminates with a response with P* and P** very close in magnitude 
and a second maximum which is very much higher than the f i r s t  maximum. 
Following this value of K, for a certain range of K, paths with a 
maximum (p * * * ' )  and minimum are obtained. Note the difference of the 
position of the maximum in the load-deflection curves between this set 
and the f i r s t  set. The description for the family of curves in 
section 1.4 qualitatively describes the three sets' of curves obtained 
here. Curves typical of large K values f in a l ly  follows. They have two 
maxima and two minima and the second maxima is always higher.
The degree of in s tab il ity  for this rise of arch is greater than
before and therefore responses with four folds are generated for smaller
values .of K. The ratio of the lower to higher buckling load on the
member response is low. Figure 2.5.8 shows the states of the arches 
at the f i r s t  and second maximum load.
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F IG U R E  Z - S ' S  STATES OF THE ARCHES AT p# AND P # * *  OF A
LOAD-DEFLECTION CURVE DEMONSTRATING FOUR 
C R IT IC A L LOAD6 . T H E  RATIO OF THE MINIMUM TO 
MAXIMUM LOAD ON THE MEMBER RESPONSE IS LOW-
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The f i r s t  maximum load on the structure response corresponds to the 
middle arch in the unstable region of the post-buckling path and the 
outer arches because of the low value of K is well up the pre-buckling 
path carrying a significant proportion of the structure load. At the 
second maximum load, the middle and outer arches are in the stable and 
unstable regions of their post-buckling path respectively. I t  can be 
deduced from the above figure that a low ratio  of the lower to higher 
buckling loads of the member characteristic tends to generate structure 
responses with the ultimate load on the model structure switching from 
the f i r s t  maximum to the second maximum at some value of beam stiffness. 
The projection of the locus of the c r it ic a l points onto the deflections 
plane is shown below in figure 2.5 .9. Note the change in shape of 
unstable region 4. The le f t  bounding curve folds i ts e l f .
Increasing the rise of the arches further gives the structure 
responses' shown in figure 2.5 .4. In the set of curves having two 
maxima and two minima, P* and P** do not annihilate or coalesce.
Instead the difference between P* and P** increases with K. Therefore 
curves with a maximum and minimum load never reoccur once curves with 
two maxima set in. Otherwise a ll the features produced in figure 2 .5 .3 .  
can be found here.
The s ta b il i ty  boundaries are shown in figure 2.5.10. The unstable 
regions (3) and (4) of figure 2.5.9 meet and form a single unstable 
region (5) and in the process form stable regions A and B.
In Chapter 5 the reasons for these results are discussed in 
relation to the synthesizing of the structure response from the 
individual member responses.
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2 .6 . , -  Variation of the Control Parameters of the Model
I t  is seen from section 2.5 that variation of the two parameters 
K and m, gave rise to d ifferent structure behaviours. These variables 
control the behaviour of the model and a plot showing the relationship 
between them is essential.
A selected value of K or m is input into the computer and the 
other variable is slowly varied. The c r it ic a l loads of the structure 
response are of interest except the second minimum load of a response 
which has two maxima and two minima. As the variables are scanned the 
associated values of P*s P** and P*** are recorded. This information 
is stored in the computer in arrays and is plotted. Very accurate 
values may be obtained through the computer by considering very small 
increments of K and m.
Figure 2 .6 . i is a plot of control parameters 
K versus m for the cases when
(•j) p* = p**
( i i )  P*** = P**
( i i i )  P* = P***
/• % r^i n+++-i minimum of an equilibrium path having a
(iv ) P or P -  maximum and a minimum load.
These form boundaries in the (k,m) plane. The qualitative behaviour 
of the model at each region and boundary is indicated.
In region ABCDEF, the structure response is stable throughout. 
The difference in shape of the structure response between regions ABEF 
and BCDE is due to the low beam stiffness in the la t te r  region . The 
middle.arch is well into the post-buckling path even before the outer 
arches buckle. Along curve ABC, the structure response has a point of 
inflexion. There is in s tab il ity  in the member response i f  m<l.
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In the region ABCHGIL, the structure response has a maximum and 
a minimum. Notice the change in shape of the curve as the stiffness of 
the beam is decreased.
In the region HGIJM the response curve has two maxima and two 
minima. Curve GH represents the annihilation by coalescense of P* and P**. 
and curve GI represents the annihilation by coalescence of P** and P*** 
Curve GJ represents the structure response in which P* and P*** are 
equal in magnitude. In the region IGJ, p*=»p*** and in crossing the 
boundary GJ into the region JGHM, the ultimate load on the structure
swithces from P* to p***. Curve HGI is cusp-shaped. G the point where
curves HG, JG and IG meet, generates a typical response which has a 
maximum and minimum. The maximum unlike other cases is formed by the 
annihilation and coalescence of P*, P** and p***. G is the generic 
point which governs the behaviour of the model. Slight variation in the 
control parameters from this point generates the d ifferent responses 
described.
A line cutting through curves IG, JG and HG ( f i r s t  intersection) 
depicts the series of structure responses shown in figure 2.6.2.
These responses are obtained by varying the stiffness of the elastic  
beam while keeping the rise of the arches constant. These responses 
have been produced in three-dimensions in figure 2.5 .3. Figure 2.6.2  
also shows a plot of the f i r s t ,  second and third c r it ic a l loads against 
the stiffness of the elastic beam. I t  is a section of Thom's Swallowtail
Catastrophe. A plot of the c r it ic a l loads against the controlling
parameters in the region around G shows Thom's Swallowtail Catastrophe.
See fig'ure 2.6 .3. For the same value of K, a small difference in the 
rise of the arch significantly changes the magnitudes of the c r it ic a l  
loads. In order to obtain a clear view of the Swallowtail Catastrophe
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i t  is necessary to apply transformation to the c r it ic a l loads before 
plotting. Curve BC represents the annihilation and coalescence of P **  
and P*** and curve AC represents the annihilation and coalescence of 
P* and P**. Curves BC and AC are the cusp lines. Curve DC 
corresponds to the cutting between the f i r s t  and third c r it ic a l loads 
surfaces. Along the intersection the magnitudes of P* and P*** are 
equal. I t  represents the self-intersection curve.C is the Swallowtail 
point.
2.7 Discussion
The family of load-deflection curves obtained in section 1.4 
is re^fduced by this model. The forms of the curves are now related 
to physical quantities of the system. The two controlling parameters 
of the system are the member behaviour and connectivity between the 
members. The members are liab le  to become unstable under load and 
therefore the degree of -instability of the c r it ic a l sub-structures is 
an important issue. The stiffness properties of the elastic  beam 
representing the connectivity between the members controls the load 
distribution between the members.
Collapse of the model is brought about by sequential buckling of 
the arches. Once the middle arch buckles, its  behaviour is defined by 
the post-local buckling characteristics of the arch. The s ta b i l i ty  or 
in s tab il ity  of the structure response curve following the local fa ilu re  
of the middle arch is dependent upon its  load shedding characteristics  
and the load-absorbing characteristics of the rest of the structure. 
Typical‘sequential collapse curves shown in figure 2.7.1 are now 
discussed in detai1. • .
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In curve I at the maximum load, the middle arch is in the unstable
region of the post-buckling path and the outer arches are high up in the
elastic pre-buck!ing path. Following the maximum load, there is 
continuous loss of structure strength until the minimum load is attained. 
The middle arch sheds load on buckling. The remaining elastic  arches 
cannot adequately absorb the load shed and therefore an unstable 
equilibrium path results. Curve I I  shows that after an in i t ia l  loss 
of s ta b i l i ty ,  the structure is able to restabilize i t s e l f .  At the f i r s t  
minimum load, the middle arch is nearing the lower buckling load and the 
outer arches are on the elastic pre-buck!ing path. S tab il ity  continues 
until the outer arches buckle at the second maximum load.
In both cases dynamic snap occurs at the f i r s t  maximum under dead loading. 
As the middle arch buckles, a collapse mechanism is formed and local 
collapse is synonymous with global collapse. Arches demonstrating a 
high degree of in s ta b il ity  tend to induce the structure to collapse 
following the local buckling of the middle member because of its
abrupt load-shedding characteristics. At the instant of dynamic snap,
\
the outer arches have not reached their c r it ic a l states and therefore 
they are not u t il ized  to their  maximum load-carrying capacity. The 
second maximum load in this case is mainly of academic in terest.
In curve I I I ,  at the maximum load, the middle and outer arches 
are in the stable and unstable regions of the post-buckling path. The 
load shed by the middle arch can be adequately absorbed by the outer 
members and therefore the equilibrium path following the buckling of the 
middle arch is stable. In Curve IV, although in s ta b il ity  follows a f te r  
the middle arch buckles, restabilization enables the structure to continue 
to carry increased loading until the outer arches buckle giving rise to 
the second maximum. The structure remains integral and is capable of
101
carrying increased loads following the local fa ilu re  of the middle 
arch.
The above has shown that fa ilu re  of a member does not 
necessarily mean an imminent collapse of the structure. Only provided 
suffic ient members fa i l  and together form a valid mechanism w ill  the 
structure collapse. For the la t te r ,  a collapse mechanism is formed 
as the two outer arches buckle. The adoption of arches with low degrees 
of in s ta b il i ty  favours local fa ilu re  preceding global collapse.
Different forms of curves are generated by the model as the 
control parameters of the system are varied. The model which is 
representative of structures comprising sub-structures has clearly  
shown how the behaviour of the members and connectivity between them 
affect the collapse behaviour. For this simple three-members model, 
Thom's Swallowtail Catastrophe may be referenced to describe the 
cr it ic a l behaviour. The generic point of the Catastrophe is a very 
important feature. Various forms of equilibriurn paths are generated 
as the control parameters at this point are s lightly  varied.
I t  is to be noted that in the non-linear structure response, 
l im it  points on the load-deflection response do not correspond to the 
state of the arches at the l im it  points of their member characteristics.
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CHAPTER 3
A PLASTIC COLLAPSE MODEL
3.1 Introduction
In this chapter, a new model is adopted to generate the inelastic  
behaviour of structures such as space structures whose members may be 
struts, steel tubes, circular hollow sections etc. The primary mode of 
force transmission in these structures is axial load and the member 
strength lim its are usually ealstic in s ta b il i ty ,  plastic buckling or 
tensile y ie ld . In plastic buckling, there is decreasing load a fte r  
maximum strength has been reached. The new model is similar in 
arrangement to the arch-beam system except that the arches are replaced 
by struts. The elastic beam represented the non-critical members of 
space structures. Load redistribution following fa ilure of one of the 
cr it ic a l compression members was via the elastic  beam which was 
analogous to load redistribution via the elastic non-critical member 
of space structures. In studies [9] and [10] , a piece-wise linear  
assumption is made of the non-linear behaviour of struts for the analysis 
of space frames. To ta l ly  with the above, a linearised version is used 
in this work. Here plastic buckling is modelled by a t r i - l in e a r  member 
characteristic. The peak and residual loads are constants and the 
degree of load-shedding is a variable ranging from elastic perfectly  
plastic to complete load-shedding after c r it ic a l load.
The members of the model are assumed to fa i l  by plastic buckling. 
Because the members demonstrate load-shedding characteristics, the
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principles of virtual work cannot be applied. As a consequence, a 
"stage by stage" analysis of collapse from the onset of load is 
feasible provided the member behaviour well into the post-critica l 
range can be modelled accurately.
The struts.are considered to demonstrate unstable in i t ia l  post- 
buckling behaviour. The general theory of elastic s ta b i l i ty  has shown 
that imperfections form an important part in the study of the s ta b il i ty  
of systems and that systems which demonstrate unstable in i t ia l  post- 
buckling behaviour are imperfection-sensitive;- Practical structures 
are known to possess inherent imperfections of some sort. The 
investigation of the model in an idealised manner without taking into 
consideration imperfections would be incomplete. In the present study, 
therefore, i t  is important to understand how in i t ia l  geometric 
imperfections in the members affect the- model response.
Experimental tests performed on struts have revealed smooth 
load-deflection curves even though the degree of curvature may be great 
near the maximum load. A method is introduced for constructing a non­
linear strut characteristic for use in the analysis which enabled one 
to approximate closely to a whole range of practical stru t curves. 
Parameters are introduced to give a variable non-linear form to the 
member response which may be adjusted with a great deal of f le x ib i l i ty .
As a consequence, these parameters may be thought of as variables whose 
values are to be selected to model accurately a given experimental 
load deflection curve for the member, or alternatively as imperfection 
parameters which a lte r  the load-deflection curve in a sim ilar manner as 
an in i t ia l  geometric imperfection in the member. The derived non-linear 
member characteristics are used to re-analyse the model to show how 
imperfections have changed the model behaviour.
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Comparison of results obtained by analysing the model with the 
set of non-linear and piece-wise linear member characteristics w ill 
show any differences brought about by the adoption of the linear member 
characteristics. This w ill  give a good indication of whether a piece- 
wise linear member approximation may be used to analyse large redundant 
structures which i f  analysed with a non-linear member characteristic may 
prove to be prohibitive in computer resources.
I t  has been shown that i f  the members of space trusses shed load 
quickly a fte r  c r it ic a l load has been reached [ 9 3f [ i o  ] the structure 
experiences severe intermediate in s ta b il i t ie s . Schmidt et al [16 ] 
discovered a device called Force Limiting Device (FLD) which 
incorporated into the c r i t ic a l ly  loaded members introduced an a r t i f ic ia l  
d u cti l ity  into them and therefore improved the overall behaviour of the 
structure. In our model, the Force Limiting Device is incorporated into 
the middle' strut to observe its  e ffect. Again, because of the 
sim plicity .of the model changes brought about by the Force Limiting 
Device can be dearly seen.
The plastic buckling model w ill show the following:
(1) an indication of inelastic behaviour of space trusses.
(2) the effect on the structure behaviour due to in i t ia l  geometric 
imperfections in the members.
(3) differences i f  any in the behaviour of the system due to the adoption 
of a piece-wise linear and non-linear member characteristics and
(4) the effects of a Force Limiting Device on the structure response.
3.2 The Model
The plastic collapse model, the strut-beam system is shown in 
figure 3.2 .1.
pELASTIC BEAM
1--------- * I  — I-------x ----------1
FIGURE 3 -ZM TWE MODEL
The members are in compression and are presumed to fa i l  by plastic
buckling. The compression member characteristic is shown in figure
3.2.2.
Plastic buckling behaviour is characterised by load-shedding. The 
degree of load-shedding for any given post-critical displacement is 
dependent upon the value of the angle a which defines the post-critica l  
slope of the load-deflection curve.
In the analysis K and a are treated as variables. The extreme 
values of these parameters are defined as the limits of the ranges
•0 < K ^  00
0° < O < 90°
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3.3 Theoretical Analysis of Model
As a consequence of the piece-wise linear member characteristic 
shown in figure 3.2 .2 , there are in general two fa ilure  sequences which 
the model may typically demonstrate. Each sequence is constituted by 
five “regimes" of behaviour and thatv sequence which the model adopts is 
dependent upon the structure parameters K and a . The so-called regimes 
of behaviour are delimited by a change in state of the strut members.
A change of state in this context means that the load-deflection response 
has passed through one of the discontinuities in the member characteristic. 
As for the arch beam, symmetry dictates that the two outer struts always 
carry equal loads and so w ill  change state together, however the central 
and outer struts w ill not change state simultaneously such simultaneous 
changes w ill represent special cases (K = 0).
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The two sequences may be conveniently described with reference 
to the 'states' of the central and outer members and are indicated in 
figure 3.3.1 (Note that the t r iv ia l  f i f th  regimes in which a ll  the 
strut loads have degenerated to the residual "plateau" load have been' 
omitted from the figure). The two collapse sequences are termed 
sequence A and sequence B for reference in the sequel.
3.4 Theoretical Analysis using piece-wise Linear Member Characteristic
Using the terminology and notations given in figures 3.2.1 and
3.2 .2, the governing equations of the model can be stated:
Equation of equilibrium + 2F£ = P ............  (3 .4 .1)
As discussed e a r lie r ,  there are in,general five regimes o f linear  
behaviour describing the structural response. These may be derived 
from the equations of equilibrium, compatibility and member behaviour
This regime is terminated when the central strut buckles i . e .  when
Equation of compatibility = 6 n = <S9 +^2^  . . . .  (3 .4 .2 )
1 L 3
and listed as follows:-
Regime 1
Defined by *. < 5* ,  i=l ,2
Member characteristics : F. (3 .4 .3)
p TJJ u-j
Response: p .  6sr- (3 .4 .4)
6 -j (kt-j+3) <$2
. . .  (3 .4 .5)
c r it ic a l load,
p* (kt-j+9)
(3 .4 .6)
P" (kt,+3)
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Regime 2 .
Defined by <5* < 6-j <6q , 6  ^ < <5*
Member characteristics F-j =F* - ( 6-j- 6*) t^
(3 .4 .7 )
p (t ,+ tp ) 6t,-t2(kt^+3) S,
Response: p-* = t j -  + ^  (kt'j+3') . . . . ( 3 .4 .8 ) ;
6-J (ktn+3)
^ = — 3—  ^   <3-4 -9)
This regime may be terminated in one of two ways dependent upon the 
prevailing collapse sequence A or B which in turn is governed by the 
values of the structural parameters K and a 
Sequence A: Regime 2 terminates when 6-j = 6q  => Regime 3A
Sequence B: Regime 2 terminates when = 6* — r-----> Regime 3B
(3.4.10)
kt
c r it ic a l  (3.4.11)
Regime 3A
Defined by 6-j >5o, - 6*
Member characteristics: F-j = Fq
(3.4.12)
r p
Response: P 6 1 A o
F* " (kt-j+3) # 6* F** 
6-j (kt-j+3) ' 62
(3.4.13)
( 3 . 4 . 1 4 )
no
This regime is terminated when ^  = <5*----- > Regime 4
/p * * * \  F
c r it ic a l load»(pr— = 2 + ^    (3.4.15)
Regime 3B
Defined by 6 * <6 -j <6 Qt 6 *  < 6 2  <6 (
Member characteristics:
Fi = F* - (6 - 6 *) t 2 i =1,2
p (k t2“9) /  t 2 5-j (t-j+tg) 
Response: +
V = ( t 1+t 2) |  + ^ )  J2
(3.4.16)
  (3.4.17)
 (3.4.18)
Regime 3B terminates when 6 -j = 6Q Regime 4
C ritica l load,
^p*** \
W I  B
/ 9- k t2 \  ^ 0  
\  3 -k t2 /  p*   (3.4.19)
Regime 4
Defined by 6 -j >6 Q, 6 *  <6 2 <6 Q Sequence A
or 6 -j >6 Qj 6 *  <6 2 <6q Sequence B
Member Characteristics:
F 1 = Fo
F2 = F* -  ( 6 2  - 6 *) t 2 . . . (3 .4 .2 0 )
Response: (p-F0)
- p -
6 1^2 { 1 _ ( W
( k t g - 3 ) ^  I *  " t ] ,
( t ] +t 2) k. + ( 3' k t2) _ s2
' ~~3~  6*
. . . (3 .4 .2 1 )
( 3 . 4 . 2 2 )
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This regime terminates when the model is in the collapsed state when a ll  
three columns are then carrying their residual load values
p * * * *  3F
c r it ic a l load, p* = p* ^   ^ 2 3 ^
Regime 5 -
This is the t r iv ia l  collapsed state defined by:
6 i >6 Q, i = l , 2
Member characteristics:
Fi = Fq  (3.4.24)
Resp0nSe: f *  -   ( 3 -4 - 25)
61 S2 k t l Fo
6^  = ~ T  • W   (3 .4.26)
I t  can be seen that the structural response of the model is
governed by the parameters, , a , K and F . For given values of O’
and F , the effect of variation o f fr  and K is examined. The results 
0
are presented and discussed in section 3.6.
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3.5 Non-Linear Member Characteristic
3.5.1 Analytical Study: Non-Linear Member 
Characteristic
The introduction of non-linear behaviour in the model member 
characteristic is viewed with reference to figure 3.5.1.
Two families of hyperbolas are introduced which eliminate the
discontinuous nature of the slope of the load-deflection relationship.
The technique adopted is as follows: A set of hyperbolas termed HI
for reference are created with the in i t ia l  e lastic  lineQA and the post-
c r it ic a l collapse line AB as asymptotes. A second set of hyperbolas
termed H2 are created with the post-critical line AB and the residual
load plateau line BC and asymptotes. A single member of each hyperbola
9Fset as shown in figure 3.5.1 w ill  have the same slope —  at some load,
do
Fc - On translatingtthe hyperbola H2, the two hyperbolas are made to 
form a continuous curve at F=F , 6 = 5 .  This compound hyperbolic
V V
curve is the new member characteristic. ( I t  should be noted however 
that in general the curvature w ill not be continuous across the junction 
of the curves). The selection of particular hyperbolas from the family 
sets is governed by two parameters e-j, z^ respectively for HI and H2. 
Therefore, a very wide range of load-deflection curves may be modelled 
by appropriate selection of the parameters a, FQ, e-j and z^* 
Variation of any of these parameters modifies the values of the junction 
load F and junction displacement 6 . However provided a smooth load-
V* V
deflection member characteristic is obtained, knowledge of the exact 
location of these entities becomes unimportant.
With reference to figure 3.5.1 the analytical form of the non­
linear member characteristic is deduced. Each hyperbolic portion w ill  
be treated separately and then amalgamated as outlined above.
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3.5.2 Hyperbola HI
The axes X-j, Y-j are set up such that the origin of co-ordinates 
is at the c r it ic a l value (F*, 6*) and such that the Y-j axis bisects 
the angle between the linear load paths OA, AB as shown. The equation 
of the family of HI hyperbolas is then given by:
v2 x2
- 7  ■ 4  = ei  (3 -5-1)bf a* 1
in X-j, Y-j co-ordinates. Transformation to X^, Yj co-ordinates using 
the rotational transformation equations.
x-j =x-j cos(y i -e )-y ] .s in (Y i-e )
y-,=xj sin(yi-e)+y-| cos(y i -e)   (3 .5 .2)
and thence to the F, 6 co-ordinates using the translational 
transformation equations.
y-j = f - f*
x-j = 6-6*   (3 .5.3)
converts the equation of the hyperbola to the form
a* ((6-6*)s in(Y1-e)+F-F*)cos(y1-e ) }2-b^{(6-6*)cos(y1-e )-(F -F *)s in (Y 1-e)}'
2 2 
= a1b1£1
(3 .5.4)
Setting a-j = 1 produces no loss of generality and thence b-j = tany-j 
Further, using the geometrical relationship
2y-j = a+&   (3 .5 .5)
the equation of hyperbolic HI in its final form becomes
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{ (6 -6 * )s in (^ - )+ (F -F * )c o s (^ - ) }2-tan2( - ^ ) [ ( s - 6 * ) c o s ( ^ . ) - ( F - F * ) s in ( ^ - ) } '
2 e+a-= tan (—«“ ) e !   (3 .5 .6 )
3.5.3 Hyperbola H2
Axes X^j Y2 are set up with their origin at the point ( Fq96Q) 
and such that the y2 axis bisects the angle between the linear load 
paths AB, BC as shown in figure 3.5 .1. The equation of the family of 
H2 hyperbolas is then given by
2 2
= e2   (3 .5 .7 )
b2 a2
in X2, Y2 co-ordinates. Transforming to the X£s Y£ co-ordinates 
using the rotational transformation equations
X2 = X2COSY2“y2S^nY2
y2 = x^siny2+y2COSY2   (3 .5 .8)
and thence to the F, <5 co-ordinates using the translational 
transformation equations
*2 = F‘ Fo
= 6-«0   (3 .5 .9 )
and setting a2=l ( no loss of generality and by implication b  ^ = tany2 ) 
and further noting that
a
Y 2  ^ (3.5.10)
the equation of hyperbola H2 may be written as
{(6-S0)sin |  +(F-F0)cos | )  -tan2 . |  { (6 -Sq)cos |  -(F-FQ)sin | } 2=tan2 £  e2
  (3.5.11)
3.5.4 Amalgamated Hyperbolic Curves
The load Fq at which the hyperbolas HI and H2 have a common slope 
in the region where they approach the common asymptote AB is determined 
as follows: Differentiation of equations (3 .5 .6) and (3.5.11) with
respect to 6 gives the respective gradients m^ and m^  as:
■ _ _ (F-F*)sin(g-e)-2((5-<5*)sinasine
2(F-F*)cosacose+(6-<5*)sin(a-e)
(F-F J s in a
m = - --------- ---------------------------------------------------------------------
2(F-F )coSa-+(6-5 )sina
Setting now rn -j^  for F=FC an equation for the determination of Fc in
the form below is obtained.
2 2 2 2 2 2
.(F -F*) sin (e+a){( 1 COSct) e2sin 0+2(fr"fro) sin(a+e)(1 -cosa)e2sine}
2 e+a , k 2 2 2 2-4sinasinesin (—g- )el^ (F-F ) sin (a+e)+(l-cosa) e2sin e+
2
2(F-F ) sin(a+e)(l-cosa)e2sine} =0 . . . . .  (3.5.14)
This equation is solved numerically using the Newton-Raphson 
ite ra tive  procedure. The solutions for Fc may be substituted back into
equations (3 .5 .6 ) and (3.5.11) to determine the corresponding values of Sc
and 6  ^ . That portion of hyperbola H2 which forms the " ta i l"  of the 
load-deflection curve is then given a translation (6 ‘ -6 ) in the
V U
negative $  direction to join with hyperbola HI at the point (F »6 ),.
i
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(3.5.12)
(3.5.13)
I t  is noted that by substituting F=0 in equation (3 .5 .6) then 65^0 
but has some value 6 = 6 (say). Different values of imperfection parameter 
e-j give different corresponding values of 6 i . e .
6 = 6 (£ l ) ........  (3.5.15)
In the l im it  when e-j= 0, equation (3 .5.6) degenerates to the asymptotes 
of the hyperbolae and represents the b i-l inear forms 0A, AB as shown in 
figure 3.5 .1.
I t  has been assumed that the imperfect struts have the same 
in i t ia l  length and that there is no "lack of f i t "  problem. The length 
of the struts therefore do not enter the analysis d irectly . In each 
case, the displacement 6 . on loading is measured from the zero F. 
position. To obtain F. for any 6  ^ i t  is necessary to read
6 = 6 • + 6    (3.5.16)
into the strut characteristic equation (3 .5 .6) above.
The values of 6 for any value of are obtained by substituting 
F=0 in equation (3 .5 .6 ) whereupon the following relationship is obtained.
{ ( 5 - 6 * )  s i n ( 2 ~ )  -  F *  c o s ( ^ ) } 2 -
tan% { ( 6 - 6 *) cos (^y ~) + F* sin (^ p ) }  2 = tan^e-j
  (3.5.17)
On substituting a ll the parameter values into equation (3 .5.17) a quadratic 
in 5 remains. The smaller root, of this quadratic is the valid root.
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Hyperbola HI is defined by imperfection parameter e-j and hyperbola 
H2 is defined by imperfection parameter The values of e-j and e2
are arbitrary in general and unrelated but for convenience are linked 
by the expression
Ei = —  =.e (say)   (3.5.18)
' 4
Figures 3.5.2 and 3.5.3 show a family of load-deflection curves for  
a = 50° and 90° respectively. The whole range of curves is 
produced by varying e . The value of e determines the magnitude 
of the c r it ic a l load on the member response. An increase in e 
decreases the maximum lim it  load. The two plots shown have been 
drawn by computer. These two sets of member characteristics are fu l ly  
investigated in the theoretical analysis of the model.
3.6 Theoretical Analysis using Linear and 
Non’ Linear Characteristics
The computer program written to carry out the non-linear analysis 
for the arch-beam system in chapter 2 is modified to perform a linear and 
non-linear analysis for the strut-beam model. The arch member 
characteristic is replaced by the strut member characteristic. Piece-
wise linear and non-linear member characteristics are adopted. In the
linear analysis, F*, Fq and &  are constants and a and K are variables. 
In the non-linear analysis, F*, F0 ,£ ' ,  a anc* K are given the same values 
as for the analysis using the piece-wise linear member characteristics and 
e(=ei) is varied. This w ill indicate changes in the structure behaviour 
due to imperfections in the members and the adoption of non-linear 
member characteristics.-
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1.00,
FiqURE 3 •5 '2  MEMBER. C H A R A C TER IS TIC , 0^ - 5 0 °
.20:
FIGURE 3-5*3. C H A R A C TE-P .ISTIC  , o<. = ^ O '
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In the perfect case, the behaviour of the model is governed by two 
control variables, a and K. The introduction of imperfections in the 
members gives rise to another control variable, e .
An equilibrium path obtained from using the piece-wise linear  
member characteristic (the perfect case) for a value of K (say) is 
plotted in 'the 3-dimensional space, P - S -j-^ . A response surface 
is obtained by plotting in the same space equilibrium paths for various 
values of K while keeping the other control variable, a constant.
By introducing a value of e into the analysis, a non-linear member 
characteristic is obtained whose cr it ic a l load is dependent on the 
magnitude of e . Plotting the equilibrium paths obtained from using 
this non-linear member characteristic corresponding to a given e for the 
fu ll  range of K values shows the degeneration in the form of the response 
surface. A series of values of e is considered and a plot is produced 
for each value.
In the study of how imperfections change the model behaviour i t  is
desirable to produce an imperfection-sensitivity plot. This is achieved
by projecting the locus of c r it ic a l points from the load-deflection 
imperfection space onto the load-imperfection plane. Advantage may be 
taken by plotting as a third axis to the c r it ic a l load-imperfection plot 
one of the control variables K (say) for a given value of the other 
control variable, a . In this way, imperfection-sensitivity surfaces 
may be generated which describe completely the "c rit ica l"  behaviour of 
the model for a selected value of a .
In the perfect case, there are two control variables. A plot of
the loads at the end of each regime of behaviour against the control
parameters shows the complete behaviour of the model from the onset of 
loading. For a given value of e , a plot of the c r it ic a l loads against
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these parameters in the same co-ordinate space again shows the 
differences arising from adopting the piece-wise linear "perfect" 
and non-linear "imperfect" member characteristics. A series of values 
of e , is considered and a plot is produced for each value.
As for the arch-beam system, the output from the computer was 
in graphical form.
3.7 Model Response
3.7.1 Model Response obtained from using piece-wise
linear member characteristics
Figures 3.7.1 and 3.7.2 i l lu s tra te  typical model responses in 
the P-6i-6^ space for . a= 90° and 50° respectively and for various 
values of K between zero and in f in i ty .  Each regime of behaviour is 
represented by a straight line in this space whose length and 
orientation is governed by the values of a and K. On the equilibrium 
paths, fu ll lines represent stable or neutral equilibrium and broken 
lines represent unstable equilibrium. As before for the arch-beam 
model, i f  K=0, the interconnecting beam is in f in i te ly  s t i f f  and a ll the 
members carry equal loads. The ultimate load is three times the 
maximum load of a single member response.
The projection of the structure response onto the deflections 
plane (5-j“ ) 1S a s’trai'9^1^  "^1*ne emerging from the origin and bisects 
the deflections plane at 45°. I f  K = « , the elastic beam has zero 
stiffness. The structure response is identical to the member 
characteristic and lies in the P-5-j plane. For a = constant, the set 
of equilibrium paths for varying K form a set of "response surfaces". 
For the assumed straight line member characteristic these surfaces are 
planar in form. The lines at which.the planes intersect represent the
3k  =  0
k  = 0*45 
\  k = 0 -9 02
1
/
1*5
1-0
0-5
k =  CD1-0
2 0
FIGURE 3*7*1 l o a s  v e r s u s  d e f l e c t i o n  plo r s
f o r .  v a r i o u s  K  . <**<3 0 °
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a  = 50 ’
3
k = 0
2
k = 3-53,3-77,4-00
1
0-5
1-0
2-0
«
F I G U R E  3 * 7 * 2 .  LOAi> VEfeSOS P E F L E C T IP N  PL0T5 FOR.
VAR 1 0 0 6  K  . *L  = S O 0
124
loci of c r i t ic a l  points at which a change of regime occurs.
A further graphical representation is illustrated  in figure 3.7.3  
wherein the value of K is kept constant (K=2) and the value of a  is 
varied. This depicts how an increase in the value of a generates 
unstable intermediate regimes (Regime 2).
For a given K, the value of the post-critical slope a had a 
marked effect on the model response. High values of a could make 
Regime 2 unstable. The delimiting case occurs when Regime 2 is 
in neutral equilibrium represented by a response of zero slope and at
a constant load level equal to the f i r s t  c r it ic a l load. This is
determined from equations (3 .4 .6) and (3 .4.8) .
(kt-j + 9) (t-j + t 2)
(kt-j + 3) iTj
giving kt-jt2 = 3(2t-j-t2)   (3 .7 .1)
For a given value of & , the a - K  curve for this lim iting case given 
by equation (3 .7 .1 ) is plotted in figure 3.7.4 (Note t-j= tane, t 2= tana)- 
This curve divides the (a-K) control plane into two regions for which 
Regime 2 in the model response is either stable or unstable.
Another delimiting curve can be drawn in the ( a - K )  plane which
divides the responses for various a  and K into the set which follows. 
Sequence A from the set which follows Sequence B. The condition is that 
6 1 reaches 6Q simultaneously with 62 reaching 6* s therefore from 
equation (3 .4 .9) the condition may be written as
\  _ (kt-|+3)
~6* 3 ........  (3 .7 .2 )
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in which a is im plic it in 6 .■ Equation 3.7.2 may be re-written more 
conveniently with a appearing exp!icity as
3(F*-Fq)
t 9 = ----------—  ..........  (3 .7 .3 )
K . F*
The curves represented by equations (3 .7 .1) and (3 .7 .3 ) are
P
illustrated  in figure (3 .7 .4) for the case when t ,  =2, o n ocI ■p^r — U . £0 .
Values of a and K related as in equation (3 .7.3) produce a structure 
response with only four regimes - regime 3 being eliminated.
In adopting a piece-wise linear member characteristic, the ultimate 
load on a structure response corresponds to either the middle or the 
outer arches reaching F* on the member characteristic and this depends 
on the values of a and K. I f  a structure response has two peaks, the 
f i r s t  peak corresponds to the middle strut reaching its  c r i t ic a l  load, 
the minimum load on the structure response corresponds to the middle 
strut reaching its  plateau load and the second peak corresponds to the 
outer struts reaching their c r it ic a l load.
The results il lustrated  in figure 3.7.1 correspond to members 
which shed load completely on fa i l in g . I f  K< 0.9, the ultimate load on 
the structure is attained as the middle strut fa ils  and for these cases 
local buckling is synonymous with global collapse under dead-loading.
I f  K> 0.9 then p*<p***# The structure continues to support increased
loading following the local fa ilu re  of arch 1 until the two outer struts 
f a i l .  In a ll the plots, the second regimes are highly unstable. This 
re f le fts  the degree of in s ta b il ity  of the middle stru t. The results 
i l lustrated  in figure 3.7.2 show that the structure collapses only 
as the outer struts f a i l .  The members demonstrate a lesser degree of 
load-shedding than the previous case and the structure responses for
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the same range of K are shown to be more ductile. The second regime 
of the structure responses may be stable or unstable. Increasing the . 
value of K increases the degree of in s ta b il ity .
I t  has been clearly demonstrated that the s ta b il i ty  or in s ta b il ity  
of regime 2 depends on the load-shedding characteristics of the middle 
strut and the load-absorbing characteristics of the outer struts. The 
la ter  is governed by the stiffness of the interconnecting elastic  
beam. I f  the middle strut sheds load dramatically, the second regime 
tends to be unstable as shown by the results displayed in figure 3.7 .1. 
I f  the middle strut demonstrates a moderate degree of in s ta b il i ty ,  the 
stiffness of the elastic beam determines whether the second regime of 
behaviour is stable or unstable. This is clearly c la r if ied  in figure
3.7.2.
3.7.2 Model Response obtained from using Non-linear Member
Characteristics.~
The model response produces smooth load-deflection paths in 
sympathy with the strut member properties. Sharp corners caused by 
the intersections of the "regimes" of behaviour of the "perfect" 
analysis discussed in section 3.4 are replaced by smooth curves. The 
"regimes" are blended together and do not have clear delineation.
I t  is seen in section 3.5 that although the member characteristics  
which is constructed by amalgamating two hyperbolas HI and H2 is non­
linear, the curvatures are discontinuous across the junction of the 
curves. Therefore discontinuities in curvature no doubt exist in the 
model response curve, however, i t  is considered that no qualitative  
change in behaviour is brought about by the ir  presence. The proposed 
method of forming a non-linear member characteristic is considered 
valid for use in an analysis to examine how the behaviour of a structure 
:is changed i f  i t  contains in ferior members.
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Figures 3 .7 .5  a,b , and c and 3.7.6 a,b, and c, i l lu s tra te  
typical model responses in the P-S-j-s^ space for a = 90° and 50° 
respectively for various values of K between zero and in f in i ty  and 
for various values of imperfection e. The series of pictures in 
figures 3.7.5 and 3.7 .6 show how the structure response degenerates 
for various values of the imperfection parameter e.
I f  the degree of imperfection is small, the "imperfect" 
structure response follows that fbr the "perfect" case closely.
As for the general theory of bifurcation buckling the maximum 
departure is in the v ic in ity  of the c r it ic a l loads. Generally, 
there is a gradual degradation or erosion of structural strength 
with increasing imperfection. An imperfection suffic iently  large w ill 
mask the structure response for certain values of control parameters thus 
making the "imperfect" response lose its  "perfect identity .
I t  is to be noted that maximum stationary points on the structure 
response do not correspond to any of the struts reaching their maximum 
l im it  loads on the member characteristic i f  the non-linear member 
characteristic is adopted. Figure 3 .7 .7  shows the position of the 
members on the linear and non-linear member characteristics at maximum 
stationary points of a non-linear structure equilibrium path.
This is explained and discussed fu lly  in Chapter 5.
3.8 Imperfection Sensitivity Plots
Figures 3.8.1 and 3.8.2 show the c r it ic a l loads-imperfection - K 
plots for a = 50° and 90° respectively. Sets of the f i r s t ,  second and 
third c r it ic a l loads on a family of load-deflection response curves are 
represented as c r it ic a l load surfaces. A region which has a single 
surface means the load-deflection response for that region has a single
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maximum. Likewise a region which has three surfaces indicates its  
load-deflection response has three folds, two maxima and a minimum.
In the region where two surfaces come together and meet, there is a 
change in the c r it ic a l behaviour of the model. The intersection 
demarks the two regions defined above. I t  is to be noted that the 
layout of the c r it ic a l load surfaces shorn in figures 3.8.1 and 3.8.2 
does not indicate the order of occurence of the c r it ic a l loads.
In figure 3 .8 .1 , surface ABC represents the set of f i r s t  maximum
loads and surface DBC represents the set of minimum loads. Surface
EFGHI represents the set of second maximum loads and the set of maximum 
♦
loads of responses having a single fold. Along BC, "perfect" responses 
comprising two peaks lose their identity and change to a response with 
a single maximum because of the large magnitude of imperfection. For 
this value of a ,  the structure collapses as the two outer struts 
approach their  c r it ic a l loads.
Figure 3.8.2 shows a more complex c r it ic a l behaviour. Surface 
ABCDEFG represents the set of f i  rst maximum loads and the set of 
maximum loads of responses having a single fold. In both cases,the 
set of maximum loads corresponds to the middle strut fa i l in g .  Surface 
HBIJFE represents the set of second maximum loads and the set of 
maximum loads of load-deflection responses having a single fo ld . This 
surface represents the c r it ic a l loads corresponding to the outer struts 
approaching their c r it ic a l values. Surface KDEH represents a set of 
minimum loads. Surfaces ABCDEFG and HBIJFE intersect along curve BE.
This curve is comparable to the self-intersection curve of Thom's 
Swallowtail Catastrophe. Every point on this curve gives rise to a load- 
deflection response with two maximas and they are of equal magnitudes.
The f i r s t  maximum and minimum load surfaces come together and meet at
curve DE and the second maximum and minimum load surfaces come together 
and meet at EH. Curves DE and EH represent the cusp lines of Thom's 
Swallowtail Catastrophe. At point E, the three c r it ic a l load surfaces 
meet. This is the generic point whose load-deflection response is 
characterised by a unique maximum corresponding to the annihilation  
and coalescence of the two maxima and the minimum. Various forms of 
load deflection responses as described in Chapter 1 are obtained as 
deviation from this point takes place. The morphogenesis is shown 
to be governed by a swallowtail catastrophe point.
3.9 C ritica l loads - a - K  Plots
Finally plots of the c r it ic a l loads against the control parameters
a and K for a series of values of imperfection, e, are given. Each
c r it ic a l load is represented by a surface in the c r it ic a l loads-a -K 
space. Figure 3.9.1 shows a plot for the perfect case. Each surface is 
defined by the equation indicated. By adopting a non-linear member 
characteristic, some surfaces obtained from using the piece-wise linear  
member characteristics are eradicated. Only three c r it ic a l load 
surfaces may exist i f  a non linear member characteristic is adopted 
and they represent ( i )  P** ( i i )  P* and P*1 and ( i i i )  P*** and p * * * ‘ .
In ( 2 ) the maximum loads correspond to the buckling of the middle
strut and in ( 3 ) the maximum loads correspond to the outer struts 
approaching their l im it  values. The meeting of two surfaces indicates 
the annihilation of P** and either P* or P*** depending on the values of 
and K. The intersection of two surfaces indicates P* and p*** of the 
load deflection response is equal in magnitude. These points are 
c la rif ied  in figure 3.9 .2 , 3.9.3 and 3.9 .4. Eventually, the 
behaviour of the model is represented by a single surface i f  the
for
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imperfection parameter is su ffic ien tly  large. Note that as for the 
imperfection-sensitivity plots, the layout of the c r it ic a l load 
surfaces does not indicate the order of occurrence of the c r it ic a l loads.
3.10 The Model with a Force Limiting Device
(FLD) b u ilt  into the Middle Strut
3.10.1 Introduction
I t  has been shown that i f  the middle strut demonstrates a high 
degree of load-shedding, the model response has a highly unstable 
second regime (using piece-wise linear member characteristic). Schmidt 
and Hannor [16] in their study on space trusses devised a method 
to overcome this type of unstable behaviour.
They invented a device called a Force Limiting Device. This 
device is only incorporated into c r i t ic a l ly  loaded load-shedding 
members. Its  purpose is to introduce an a r t i f ic ia l  d u c t i l i ty  into the 
members. The ideal load-deflection curve for a force lim iting device 
is a rig id perfectly plastic curve as shown in figure 3.10.1 (1 ).
Examples of force lim iting devices together with their  load-deflection  
response are shown in figures 3.10.1(2) to 3 .10.1(6).
The force lim iting device is connected in series with c r it ic a l  
compression members. The struts are induced to buckle a t a value of 
predetermined force lower than the average peak load and to maintain 
this level of force under increasing deflection thus providing that 
fixed amount of strength to the structure. The member now has a lower c r i t ic a l  
load but post-buckling bhedding is avoided. Results obtained from 
their studies have shown that po st-in it ia l fa ilu re  behaviour is improved 
and there is gain in ultimate strength of the structure.
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R *
(5):
Pc
Pc
F<g 3LtO*(—Examples of Force-Deflection Curves for Force Limiting Devices: ( I)  Ideal 
uurve; (2) Hydraulic Cell for Laboratory Tests; (3) Buckling Tube ~ {^ 4 Crushing 
Tube (5} Honeycomb Crushing (6)Thread Shearing
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An analysis is now made of the plastic collapse model with an 
FLD incorporated into the middle member.
3.10.2. Member Characteristic of middle Strut with FLD
S  v
F.rqURJs. 3-tO«2. .
In this member behaviour model , 6y* is a variable. The value 
of the predetermined buckling load is given by F^  and is less than F*. 
The value of Or is as before.
3.10.2 Theoretical Analysis
The behaviour of the model is s t i l l  governed by equations (3 .4 .1 )  
and (3 .4.2)
Regime 1
Defined by : S-j < 6* , 62 < 6*
Member Characteristics
Fi= 6 - t p  i= l ,2    (3 .10.1)
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Response
p ( ^ t i + 9 ) 6 i
F* = (kt-j+3)   ( 3 . 1 0 . 2 )
6 -j (kt-j+3) 6 2
= 3 6^ (3.10.3)
This regime is terminated when the strut reaches the p r e d e t e r m in e d  
force, when 6 -j = 6 ^
c r it ic a l load,
p *  ( k ^ i + 9 )  6V *  
= (Kt-j+3) ~6* (3.10.4)
Regime 2
Defined : 6 -j >6 '*' , 6 2 ^ 6 *
Member Characteristics:
F1 = f l
F 2 =S2 t l
Response:
L + 6
F * (3+t-jk)
P
F*
(3.10.5)
(3.10.6)
6 1 (kt-j+3) 6 2
8l  ^ (3.10.7)
This regime is terminated when 8 ^  = S'
p * *
c r it ic a l load, p -  = p  + 2 (3.10.8)
146
Regime 3
Defined by 6. >6 *■ <5*< <50-  $J 1 V j  2 o
Member characteristics:
F1 -  fl
F2 = F* - ( 6 2- 6 * ) t 2
( 3 . 1 0 . 9 )
Response: P L
F* " T * + 3-kt, (3.10.11)
«1 _ 62 (3 -k t2) k .
6* " W  -----3 "3 ' 1 2 ' (3.10.12)
Regime 3 terminates when <$2 =
c r it ic a l load, Fi 2F +p F  +  ~ p F
p***
T * “ (3.10.13)
Regime 4
Defined by: 6^  >6Q, i= l ,2
Member characteristic: F. = Fq .(3 .10.14)
Response:
P
F*
F. 2F L o
pF + pF (3.10.15)
61 _ 62 k tl Fo
<5* “ 6* 3 F* (3.10.16)
In the analysis, t  ^ = 2,
Fo
F *
' I
= 0.25, ^  = 0.7 (say)
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3 .1 0 . 3  S t ruc ture  Response
The structure responses for selected values of a and K are shown 
in figures 3.10.3 to 3.10.6.
Using a piece-wise linear member characteristic, collapse of the 
model with no FLD attached to the middle member is brought about either  
by the local fa ilu re  of the middle strut or by the failures of the outer 
struts. With FLD attached to the middle member, the structure collapses 
only i f  the two outer struts f a i l .
In the figures, dashed and fu ll  lines indicate equilibrium paths 
of the model with and without an FLD respectively. They show an
increase in the ultimate load of the structure. The intermediate 
highly unstable regime is eradicated and the behaviour is changed to 
a "ductile" type. This is indicated in figures 3.10.5 and 3.10.6.
The advantages offered by the FLD are more marked in the case when a = 90. 
For this model, i t  is found that the ultimate load carrying capacity of 
the model is enhanced i f  the fixed predetermined force, F^  is within 
the limits defined as
■(P - 2F*)<Fl<F*   3.10.17
where P^  is the collapse load of the model structure without an FLD 
in the middle stru t.
The fu ll  lines shown in figures 3.10.4 and 3.10.5 indicate that the 
model collapses following the local fa ilu re  of the middle stru t. By 
incorporating an FLD into the member, the structure remains stable 
and continues supporting further load until the outer struts collapse.
The results obtained from this model together with those obtained 
by Schmidt and Hanoor have shown the advantages to be gained from the 
use of FLD's. I f  a high degree of reliance could be placed upon the
i
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FLDs produced, the scatter of peak loads of struts is reduced and 
therefore the collapse load of the structure can be predicted with 
more confidence. However, more information about the FLD i t s e l f  needs 
to be known e.g. i )  the costs arising from incorporating i t  into 
the c r it ic a l members of the structure i i )  how the structure would 
behave i f  an FLD were to fa i l  to work i i i )  its  potential lifespan.
FLD's have been shown theoretically to be a good concept but they 
must be further proven before being put into practical use.
3.11 Discussion
A clear understanding of the mechanics involved in the collapse 
of space structures has been demonstrated. By analysing the model 
with a set of t r i - l in e a r  member characteristics and i t  is shown that 
member buckling characteristics and connectivity between the members 
determine the collapse behaviour. I f  c r i t ic a l ly  loaded members of a 
structure demonstrate a high degree of load-shedding, the structure 
may collapse following the local failures of these members. Highly 
unstable intermediate regimes may be generated i f  the structure is s t i l l  
capable of supporting increased loads following the local failures of 
the c r i t ic a l ly  loaded members. I f  a small number of c r i t ic a l  compression 
members is involved in the collapse mechanism then this tends to produce 
a ductile type of collapse behaviour and more local failures occur 
before global collapse. By varying the degree of stiffness of the 
elastic beam of the model, i t  is shown that a moderate in s ta b il i ty  in 
the members may lead to severe in s tab ilit ies  in the structure behaviour. 
For a .general structure, the connectivity between the members influences 
the degree of in s ta b il ity .
The effect of imperfections on the model is to reduce the
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ultimate load. I t  may be said that the model is sensitivie to
imperfections. I t  may lose its  "perfect" identity i f  the magnitude
of the imperfection exceeds a certain value. The c r it ic a l behaviour 
of the model is shown to be governed by Thom's Swallowtail generic 
point.
Analysis of the model with the set of non-linear curves has 
shown that a close approximation of a non-linear behaviour by piece- 
wise linear member characteristic is adequate to convey a ll  the 
characteristics obtained from a.non-linear analysis. The results 
therefore ju s t i fy  that piece-wise linear member characteristic may 
be used to analyse large redundant structures provided i t  models the 
non-linear behaviour closely.
Non-linear behaviour is complex. Peaks on the structure 
response which are obtained by adopting a t r i - l in e a r  member characteristic  
showed that they correspond to either the middle or outer struts 
reaching F* (Peak load on the member characteristic). Non-linear 
analysis showed that stationary maximum points on the structure 
response do not correspond to the struts reaching their l im it  loads.
The analysis of the model with FLD attached to its  middle 
member has shown that highly unstable intermediate regimes can be 
eradicated. The collapse behaviour changes to a more ductile type
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and the ultimate load of the structure is increased. However until 
a fu l l  and thorough investigation is carried out on FLD, studies on 
sequential in s tab ilit ies  are s t i l l  needed.
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CHAPTER 4
THE EXPERIMENTAL MEMBER CHARACTERISTICS 
OF A FAMILY OF CLAMPED ARCHES
4.1 Introduction
The Strut-Beam and Arch-Beam systems are successful mathematical 
models for elucidating the basic mechanics involved in the sequential 
collapse of multi-component structures. They show that member buckling 
characteristics and connectivity between the members govern their  
collapse behaviour. For these simple three member model structures,
Thom's Swallowtail Catastrophe may be employed to describe the ir  c r it ic a l  
behaviour. The theoretical results presented need to be compared to 
the actual behaviour of real structural systems. However, these two 
models are not suitable for testing. This is because the members (struts  
and arches) would demonstrate large pre-and post-buckling deformations 
during actual testing and the elastic beam connecting the members 
together in each case could not undergo such large deformations without 
forming a plastic hinge at the point where the external loading is applied. 
The theoretical results obtained from the model analysis are s t i l l  valid  
because the elastic beam serves only to distribute the load on the 
structure to its  members and i t  is now shown that this is so. For the 
purpose of assessing the va lid ity  of the concepts, a practical model has 
to be considered. The assessment can only be accomplished by comparing 
theoretical analytical results with physical measurements made upon the 
structure.
The following factors influenced the design of the new model.
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(1) The results stemming from the theoretical and experimental study 
of the new model should re flec t the qualitative collapse 
behaviour of multi-component structures.'
(2) The general layout of the model should be as simple as possible 
and the number of members in the model should be small.
(3) I t  should demonstrate clearly the effects of member behaviour and 
connectivity between the members on structure behaviour.
(4) Variations in physical quantities of the members or connecting 
medium between the members would be required to generate a whole 
family of force-deformation relationships.
(5) There should be f le x ib i l i t y  in the design of the model structure 
so that changes in physical, quantities of the members, - connecting 
medium between the members, etc, could be easily adaptable.
(6) I t  was decided to create a symmetrically loaded structure in which 
the external loading could be in the form of single point load or 
displacement imposition.
(7) The model structure had to be large enough for accurate observations 
to be made yet permitting easy construction, handling, erection and 
testing.
I t  was decided to consider theoretically and experimentally the 
arch-spring model loaded transversely at the centre of arch 1 as shown 
in figure 4 .1 .1 .
The model was designed so that fa ilure  of the system was brought 
about by sequential buckling of the arches. Theoretical and experi­
mental investigations of the load-deflection characteristics of shallow 
arches have been carried out by many researchers.
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arch 2
mechanical spring
arch
P
Figure 4.1.1 The Arch-Spring Model.
However, the main interest here is on the collapse behaviour of the model 
and i f  tests on arches 1 and 2 individually gave repeatable results, then 
the force-deformation curves obtained experimentally could be used 
for numerical theoretical analysis of the model structure.
The collapse of the model involved large pre-and post-buckling 
deformations of the arches. A suitable connecting medium between the 
members would be a mechanical coil spring with the a b i l i ty  to undergo 
large linear elastic deformations. Nevertheless, i f  non-linearity was 
introduced either inherently or by large deformations, the theoretical 
and experimental results obtained would s t i l l  demonstrate the mechanics 
involved. The investigation was therefore not restricted to the 
linear.load-deflection range of the mechanical spring.
I t  could be seen that there was f le x ib i l i t y  in the model design 
since changes in arch lengths or spring geometry were readily achieved.
i
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I n i t i a l l y  the experimental member characteristics for the 
clamped arches had to be determined then the theoretical and experimental 
collapse behaviour of the model structure could be meaningfully 
compared.
In order to carry out a theoretical analysis on the arch-spring 
system using experimental load-deflection curves of arches 1 and 2, i t  
was necessary to establish the post-buckling behaviour of the arches by 
continuing the testing beyond their respective c r it ic a l points. Complete 
traces of the load-deflection characteristics of the arches were 
essential for the theoretical analysis to be carried out.
There are commonly three types of loading arrangement:
(1) Dead loading, (2) Rigid Loading and (3) Semi-rigid Loading.
Thompson C 22 D has shown that the s ta b il i ty  of a structure under any of 
these arrangements can be inferred from the equilibrium paths or load- 
deflection characteristics of the structure and applied the concept to 
elastic structures which are liable to become unstable under load [14 ] 
[22]. A summary of the behaviour of an elastic structure under each 
of these arrangements is given below.
The s ta b il i ty  of the structure changes at points A and B under
each case of loading as indicated in figure 4.1 .2. At these
positions of equilibrium, dynamic snaps occur suddenly 
reversing the overall curvature of the member. For dead loading, 
in s ta b il ity  can occur only at constant load levels while for r ig id  
loading only at constant deflexions. In the case of semi-rigid loading, 
in s ta b il ity  of the structure w ill arise whenever the inclined loading 
l in e ‘with slope - K  - where k corresponds to the stiffness of the loading 
device is tangential to the equilibrium path. Most testing machines are
described as semi-rigid loading devices because of their inherent
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e la s tic ity . In figure 4 .1 .2 , the spring stiffness k, represents the 
e la s tic ity  of the testing machine.
Unstable equilibrium paths cannot be obtained experimentally. 
However some paths which are unstable under dead loading may be stable 
under rigid or semi-rigid loading. I t  can be appreciated that more 
information about the behaviour of a structure would be available i f  
the structure was tested under a rigid loading or very s t i f f  semi-rigid 
loading arrangement.
From the above information, the individual arches had to be tested 
under a very s t i f f  semi-rigid loading device i f  the complete equilibrium 
paths were required.
The action of dynamic snaps take place very suddenly under dead 
loading. I t  could be seen in tu it iv e ly  that i f  arch 1 of the model 
structure snapped and i f  the stiffness of the mechanical spring was such 
that arch 2 would be deformed past the c r it ic a l deflection, then the two 
arches would buckle very quickly one a fte r  the other. Exact information 
of how the structure was behaving between these occurrences would not be 
possible because the time interval between the dynamic snappings would be 
too short to permit suffic ient data to be observed. This dynamic 
behaviour further supported the fact that i t  would be more advantageous 
to perform the tests under a very s t i f f  semi-rigid loading device so that 
control could then be made at least on arch 1 throughout the loading 
stages. Arch 2 would snap freely on its  own accord as though i t  was 
under a semi-rigid loading arrangement due to the presence of the 
mechanical spring between the arches. The snap through would not be 
as vigorous as for the case of dead loading. Under this arrangement of 
loading, a reasonable trace of structure response could be obtained to 
show the behaviour of the structure.
The experimental member characteristics of the arches would be 
used for theoretical analysis only i f  the data obtained was re liab le ,  
accurate and consistent. I t  was also known from chapter 3 that large 
enough imperfections would mask the sequential buckling phenomenon. 
Throughout the various stages from the design of the model structure 
to data acquisition, great care was taken so as to reduce imperfections 
to a minimum.
This chapter is concerned with obtaining the experimental member 
characteristics for a family of clamped arches under a single point load 
at th e ir  crown. The clamped arches were different from one another 
by th e ir  geometry. Variation of this parameter was achieved by changing 
. the length of the arch member whilst keeping the span and support angle 
constant. The small bending prestress introduced into the arches by this 
technique in no way affected the results of the analysis since the arch 
response was what mattered in each case and this was recorded accurately 
in each instance.
The experimental layout.for the arch-spring model testing is shown 
in figure 4.1.3
4.2 The Model Structure
The model structure consists of two arches interconnected by a 
mechanical spring as shown in figure 4.1 .1. The mechanical spring is 
fu lly  described in chapter 5.
The spans and support angles of the arches were made equal and 
constant. For the ease of spring insertion between the members, the 
geometry of the arches had to be the same so that the separation of the 
arches remained constant. Thus ideally the two arches were id en tica l« 
Variation of the lengths of the arch members could be regarded as
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FIGURE 4 . 1 . 3  GENERAL LAYOUT FOR THE ARCH-SPRING MODEL TESTING
applying imperfections to them and therefore was taken to be one of
the control parameters influencing the behaviour of the arches and therefore
the model.
The arches were made of high tensile steel strip to ensure elastic  
behaviour even at large deflections. The nominal cross-section of the 
strip was 1" x 1/16". The members were cut and machined accurately to
the required length. Both ends of each member were squared to enable
accurate marking of guide lines on them as well as for good f i t  into the 
slots of pinned-end supports.
Sections of the steel strips where guide lines were to be
■\
inscribed were dyed. Each strip  was then clamped vertica lly  against 
a rig id  support on a f la t  bed and guide lines inscribed accurately on 
the member using a vernier scale. Figure 4.2.1 shows
a member with its  centroidal point marked and guide lines inscribed at 
the ends and middle of the s tr ip .
7
Lines at 0.5mm apart
h--------------------
Figure 4.2.1 A member
Arch length
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I t  was decided to study how arch behaviour was affected by change
\
of arch length keeping other parameters constant. For individual arch 
investigation, the length of the arch was shortened by 0.5mm at each end 
after  each test using the guide lines inscribed. These lines indicated 
the positions where the arch would be clamped by the fixed-angle blocks 
at each end. Small steel blocks were located at these lines to ease 
the clamping of the arch ends. A typical block is shown in figure
4.2.2
The arch always remained symmetrically loacfed. The centroidal 
points of the steel strips were marked for checking i f  the crowns of 
arches 1 and 2 were vertica lly  below the loading point. Two further  
lines on either side of the centroidal point were marked to help 
position the clamping blocks of loading brackets.
4.3 Details of the Loading Rig
4.3.1 The Loading Device
Instead of going through the complicated procedure of designing 
a loading device for imposing a constant value of deflexion on the 
structure between loading steps, use was made of the Howden Loading 
machine which was already in the laboratory. The machine and its  control 
unit can be seen from figure 4.1 .3. The machine has a travelling beam 
which can move vertica lly  up and down smoothly at a rate of movement set 
by the user on the control unit. Advantage was taken of this machine to 
act as a very s t i f f  semi-rigid loading device for the model structure 
because the travelling beam could deform the structure smoothly once the 
test commenced. The layout of the machine could easily accommodate the
model structure. Load-cell and transducers suited to the range of
measurement required were incorporated to give accurate data.
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FIGURE 4 . 2 . 2 A STEEL BLOCK FOR LOCATING INSCRIBED LINES
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4.3.2 Supporting Frame of the Loading Rig
\
A r ig id  frame providing supports for the structure was designed 
for high stiffness and s ta b i l i ty .  Figure 4.1.3 shows the supporting 
frame resting on the bed of the Howden Loading machine. The supporting 
frame had a configuration that would allow the travelling beam to impose 
deformation increments to arches 1 and 2 separately and together and 
make provision for spring testing. The supporting frame consisted of 
a main support frame and two auxiliary frames.
Main Support Frame
rectangular plate
a £. IK.
rectangular-section steel bars 
Cross-section
Figure 4.3.2.1 - The Main Support Frame.
1mK ■H
Longi tudinal-secti on
Figure 4.3.2.1 shows a view of the main support frame. I t  consisted of 
two similar steel I-beams interconnected by
(1) two rectangular plates welded to the top flange of each beam. These 
plates provided supports for the auxiliary frames. The distances 
between the plates represented the arch span which was approximately 
1 metre and
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(2) two very s t i f f  steel rectangular-section bars welded onto the
\
bottom flange of each beam at positions such that they could be 
securely bolted to the bed of the testing machine to provide fu ll  
r ig id ity  for the main support frame.
Auxiliary Frame
column
beam
1
f la t  plate
i____ t
jL 3
CD 
CD3: ,+-> v. 
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jQ SZ 
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to
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rectangular plate 
Figure 4 .3 .2 .2  - An auxiliary frame.
Auxiliary frames supported the arches at the ir  ends. Each 
auxiliary frame was fabricated as follows: Two columns were r ig id ly  held
together by two short beams welded onto the columns as shown in figure 
4 .3 .2 .2 . The columns and beams were squared hollow sections of steel. 
Flat plates were welded to the horizontal bracings. These horizontal 
sections supported the arch abutments and therefore the distance between 
them represented the separation of the arches. This parameter was made 
as large as possible by taking fu ll  advantage of the distance between the 
lowest and highest positions that the loading beam of the test machine . 
could trave l. ' The reason was that.the. mechanical spring was 
required to be - as long as possible to provide
168
large linear elastic  displacements. The bases of the columns were
\
welded to a rectangular plate.
. The rectangular plates of the auxiliary frames rested on the 
rectangular plates of the main frame. They were held together by 
adjusting bolts and screws thus allowing vertical and horizontal adjust­
ments. The auxiliary frames were restrained from lateral movements by 
two horizontal steel bars running across the span.
Runners
■ Figure-4 .3v2.3. shows a stiffened runner. Two runners 
on either side of the x-section of arch 2 were necessary to guide the 
central deformation of the arch in a vertical direction. The internal 
width of the runners had to be as close as possible to the diameter of 
the ball-bearings moving in them and where the faces of the runners were 
in contact with the ball-bearings, they had to have smooth surfaces.
The runners were fabricated from dural channels but needed to be s t i f f ­
ened by steel strips welded on to their sides as shown in figure 4 .3 .2 .3  
to prevent lateral movements as the arch deformed. The runners were 
r ig id ly  attached to the I-beam at their  bottom and to the horizontal 
bracings running across the span at their top by adjusting bolts 
therefore allowing horizontal adjustments to be made.
The assembled test rig is seen in figure 4 .1 .3 .
4.3.3 Arch Support
Figures 4.3.3.1 and 4 .3 .3.2  show a 
pinned- and fixed-end support respectively. Each arch abutment 
holder was fabricated as follows: Two L-shaped blocks were welded on
to a plate. This plate was firmly attached to one of the plates welded 
on the horizontal bracings of the auxiliary frames by adjusting screws.
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DURAL CHANNEL
FIGURE 4 . 3 . 2 . 3  A STIFFENED RUNNER
170
ARCH ABUTMENT 
HOLDER
SPRING 
STEEL STRIP
FIGURE 4 . 3 . 3 . 1  A PINNED-END SUPPORT
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FIGURE 4 . 3 . 3 . 2  A FIXED-ANGLE ABUTMENT
172
Fine vertical and horizontal adjustments could be achieved through these 
screws. The holder was readily adaptable to pinned-or fixed end support, 
The faces of the holder in contact with an arch abutment were made smooth.
For fixed-angle supports, blocks had to be machined to the correct 
angle of slope a at the arch ends. The angle a was determined 
experimentally for a known span L and arch length L .See figure 4 .3 .3 .3 .a
L
Figure 4.3 .3 .3  Geometry of an arch
a was measured by setting up the arch on pinned-end supports.
Pinned-end Support
The device used for measuring the angle a is shown in figure
4.3 .3 .1 . A rod was machined out of a solid bar and slotted on one side 
to the dimension of the spring steel for "tight f i t " .  The faces of the 
slot were made as smooth as possible. The slot carried a sharp 
straight pointer needle. The axles of the rod were f i t te d  with a b a l l ­
bearing each so that free rotation without hindrance was possible. A 
protractor for the angle measurement was securely screwed to one of the 
two blocks in which the axles of the rod rotated. The two blocks were 
r ig id ly  screwed to the arch holder.
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Each end of the arch was f i t te d  into the slot of the rod. The
free rotation of the rods at both ends allowed the arch to take up its
natural unstressed position. The angle a was read from the protractor. 
The average of the two readings taken at the ends was the angle adopted 
for cutting the fixed-angle blocks.
Fixed-angle Support
The end angles having been determined two pairs of angle blocks
were cut from a pair of steel blocks. Each of these angle blocks was
bolted against the arch holder as shown in figure 4 .3 .3 .2 . To each of 
these blocks was screwed a rectangular block with a recess machined in
i t  according to the spring steel dimension for locating the arch. Three
small steel strips screwed into the sides of the la t te r  further ensured 
that there would be no misalignment between each pair of fixed-angle 
blocks. The clamping faces of the fixed angle blocks were smooth 
surfaces. Full r ig id ity  of clamping was achieved on screwing the two 
blocks together.
The dimensions of the clamping blocks were such that the span for 
the clamped arch was the same as that for the pinned-arch.
4.3.4 Loading Arrangement
The load-cell of the Howden machine can measure up to 50 KN. The 
maximum load that would need to be recorded for the arch-spring model 
would only be a small fraction of this maximum load. Throughout the 
testing only the lower range of the load cell would be employed.
Because of th is , the load-cell of the Howden testing machine was made 
dummy and a small load-cell sensitive to low loads was installed. The
maximum load the load-cell could measure was 200N.
174
The load-cell worked on the same principle as a loaded cantilever 
beam. Figure 4.3.4.1 shows the load-cell. One end of the loading 
beam was constrained from deformation by screwing i t  against 
a rig id  block which was in turn screwed to the load-cell of the Howden 
machine. Loading was applied at the other end of the beam. In figure
4 .3 .4 .1 , the load-cell was loaded by a steel strip through a ball-bearing. 
The load-cell could measure loads in tension and compression.
The crown of arch 1 was attached to the loading point of the load- 
cell by a loading bracket which was securely bolted to the load-cell at 
that point. See figure 4.3 .4.2 . The components of the loading 
bracket are shown in figure 4.3 .4 .3 . Block A was positioned 
on the inscribed lines marked at the centre of the steel 
strip and screwed against block B. The ball-bearings at the sides of 
block B allowed the arch to rotate freely when locked in the arms of the 
loading bracket. The rod between the arms further strengthened the 
loading bracket against lateral movement. The crown of the arch was 
constrained to move in the vertical direction by the travelling beam 
but was free to rotate in the plane'of the arch. The load was monitored 
continuously by the load ce ll .
The loading bracket for arch 2 is shown in figure 4.3 .4 .4  
I t  was fabricated of aluminium to reduce self-weight. Blocks .A 
and B were r ig id ly  screwed together at the centre of Arch 2.
The ball bearings at the sides of block A reduced fr ic tion  between the 
runners and the loading bracket during movement up and down the runners.
The runners guided the crown of the arch to deform in the direction 
parellel to the applied load but free to rotate. This arch was loaded 
by the spring during the model tests or by a very s t i f f  rod when member 
characteristics were determined. The loading bracket was easily adaptable
FIGLIRE 4 3 4 ]
T H R O A  STEEL STRIP
FIGURE 4
LOADING BRACKET OF ARCH 1 ATTACHED 
LOAD-CELL AT THE LOADING POINT. TO
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BLOCK A
BLOCK B
FIGURE 4 . 3 . 4 . 3  COMPONENTS OF LOADING BRACKET OF ARCH 1
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FIGURE 4 . 3 . 4 . 4  LOADING BRACKET OF ARCH 2
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for both forms. The model tests with the springs in place are 
described in the next chapter. When the rod was used i t  was screwed 
into each of the loading brackets. This is i l lustrated  in figure 4 .3 .4 .5
4.3.5 Instrumentation
The vertical deflections of the crowns of the arches were 
measured by L.V.D.T's.
Arch 1 deformed at a rate given by the rate of movement of the 
travelling beam. Because accurate deflection measurements were needed, 
a transducer was installed. Figure 4.1.3 shows the arrangement of the 
transducer for measuring the deflection of the crown of arch 1. A 
holder was manufactured for clamping the transducer to the travelling  
beam. The armature of the transducer rested on the horizontal bar 
between the auxiliary frames. The transducer effective ly measured the 
movement of the travelling beam which was equal to the deformation at 
the crown of the arch.
The transducer for measuring the deflection at the crown of arch 2 
was set up as follows:
A device for screwing into the loading bracket of arch 2 was attached to 
one end of a thin steel wire (see figure 4 .3 .5 .1 ) -’and to the other end 
the armature of a transducer. The wire passed over a pulley
system as shown in figure 4 .3 .5 .2 ,  As mentioned in section 4.1
the arch behaved as though i t  was under a semi-rigid loading 
device i f  i t  was connected to arch 1 by a mechanical spring. I f  arch 2
snapped, the wire inter-connecting the arch and the transducer would 
"jump" and could be displaced from its  original position. To ensure 
that the wire would return *to its  original position a fte r  snapping, the 
grooves of the pulleys were made as deep as possible to prevent the
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FIGURE 4 . 3 . 4 . 5  ARCH 2 LOADED VIA A VERY ST IFF ROD.
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FIGURE 4 . 3 . 5 . 1  CONNECTION OF ARCH 2 TO TRANSDUCER
t
FIGURE 4 . 3 . 5 . 2  THE PULLEY SYSTEM.
181
wire "jumping out". After adjustments for one end of the wire to be 
running vertica lly  below the crown of arch 2 and the other end to be 
vertica lly  above the transducer, (see figure 4.1.3) the bed of the 
pulley system was clamped to the lower flange of the I-beams. Figure
4.3.5.1 shows part of the arrangement.
4.4 Temperature Measurement
All practical work was performed only i f  the laboratory temperature 
recorded on a Digitron thermometer was within the range 20°C + 2°C.
This was to eliminate temperature effects on the electronic devices used. 
The output recorded would then be a true representation of the parameter 
under investigation.
4.5 Data Logger
Very accurate and consistent observations were obtained by using 
a control unit comprising an Alpha-16 mini-computer and a data logger.
A simple computer program in BASIC was written for the data acquisition 
and processing. Signals from the load-cell and the two transducers 
were monitored by the data logger.
At the start of the testing, the channels receiving signals from 
the measuring instruments were scanned twenty times to "warm-up" the 
system. After recording the datum levels of these measuring instruments, 
a bell signal was sounded to start loading the structure by pressing 
a button on the Howden machine control unit. The logger continued to 
scan the channels receiving output from the load-cell and transducers 
until the computer encountered a "stop" command. The time interval 
between scans could vary during the testing. More observations could 
be made during any loading interval.
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The observations recorded were converted to engineering units 
before printing the output on paper tapes for future use. During the 
testing, the behaviour of the structure was plotted out on a Hewlett 
Packard Graphics plotter which was connected to the mini-computer.
4.6 Calibration
In the calibration of the load-cell and transducers, the channel 
receiving signals from the measuring device was scanned ten times at 
each sequence of known imposed loading or displacement. Using the 
method of least squares, the slope of the best f i t  line of the function 
was determined and stored for future use. All calibrations were 
performed with the measuring devices in their appropriate positions.
4.6.1 Displacement Transducer
Figure 4.6.1 shows the calibration of the 
transducer for measuring the displacement of the crown of arch 1 by 
slip gauges. A micrometer was used to measure the height of each slip  
gauge to be used. I t  was necessary to obtain accurate measurements 
because this parameter would be used to find the best straight line of 
the function. A sequence of displacements in steps of 5mm was imposed 
on the transducer over its  entire working range through slip gauges.
4.6.2 Load-Cell
Figure 4.6.2 shows the calibration of the load- 
cell using weights. A series of one kilogram weights was weighed 
accurately using a mechanical balance. Loading in steps of one kilogram 
was imposed on the load-cell over its  entire range. Loading was 
transferred to the load-cell by means of a plate resting on a b a ll­
bearing which was inserted in the loading recess of the load-cell.
FIGURE 4 . 6 . 1  CALIBRATION OF TRANSDUCER
FIGURE 4 . 6 . 2 .  CALIBRATION OF LOAD-CELL
184
Figure 4.3.4.1 shows this clearly. In this way, eccentricity of 
loading was reduced to a minimum.
4.7 Assembly
The following conditions had to be satisfied and are c la r if ied  
by figure 4.7 .1.
arch 1
arch 2
L
Figure 4.7.1 Geometry of the structure.
(1) The crowns of arches 1 and 2 to be vertica lly  below the loading 
point of the load-cell.
(2) The span of the arches equal and
(3) For each arch, the ends to be of the same height above datum.
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Arch holders at both ends of an arch were levelled as follows:
clamping force
L-shaped block
adjustmen
device
Figure 4 .7 .2 . Levelling a pair of arch holders.
An "adjustment" device was tightly  clamped to the arch holders as 
shown in figure 4 .7 .2 . The faces of the device in contact with the 
arch holders were fine ground surfaces. Adjustments were made for  
the centroid of the device to coincide with a pointer dropped from 
the loading point of the load-cell. ‘ The two pairs of arch holders 
were then levelled into position by a sensitive s p ir i t  level. Crude 
adjustments were done through adjusting bolts and screws holding the 
plates of the main and auxiliary frames together. Fine adjustments 
were achieved through adjustment screws in the v ic in ity  of the plates 
to which the arch holders were attached.
This process was repeated for the other pair of arch holders. 
This time adjustments could only be done through adjustment screws of 
the arch holders plates. The adjustment screws and bolts of the base 
plates could not be further disturbed otherwise there would have been 
alterations in the previously set up arch holders.
The runners were adjusted such that the loading bracket at the 
crown of arch 2 was able to travel up and down vert ica lly  in the
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direction of the loading without hindrance. Crude adjustments were 
done through adjustment bolts and screws holding the runners to the 
loading frame and where fine adjustments were required, shims were 
inserted.
The loading rig was further checked i f  the pointer from the 
loading point of the load cell was coincident with the centroidal 
point of the members on both pinned-and fixed-end supports. Before 
this could be checked, the ends of the members had to be securely held 
in their supports. Great care was given to the method of inserting 
the ends into the ir  supports.
For the pinned-end condition, i f  the f i r s t  line from each end 
of the member corresponded to the edge of the slot of the free rotating 
rods, then there was good f i t  between member ends and supports. I f  
the centroidal point was vertica lly  below the loading point, measure­
ments of the angle a at both ends of the arch were made. This was 
repeated for the other member. Fixed-angle blocks were then cut.
For the fixed-angle condition, the method of clamping the ends 
is shown in figure 4.7.3„ Steel blocks were positioned on the 
f i r s t  line from each end and screwed tight. The free ends of 
the members were inserted into the slots of the loosely held clamping 
blocks. During the clamping of these blocks, the edges of the upper 
positioning blocks were held tight against the fixed-angle blocks which 
were screwed into the arch holders. The positioning blocks were then 
removed to check i f  the edge of the fixed angle blocks were on the f i r s t  
line at each end. I f  not, the fixed angle blocks were loosened and the 
procedure repeated.
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L-shaped arch holder
fixed angle block
edges of fixed-angle and 
positioning blocks in 
contact.
member
positioning block
clamping
block •
Figure 4.7.3 - Clamping one end of an arch
4.8 The Testing 
Procedure for testing Arch 1
Steel locating blocks were positioned at the f i r s t  line from each 
end and clamped tight. Small steel blocks of'the loading bracket were 
fixed in position at the middle of the steel strip  with the help of guide 
lines. The free ends of the arch were then inserted into the recesses 
of the loosely held fixed-angle blocks. This v/as followed by the 
positioning of the small blocks at the middle of the arch in the loading 
bracket and the tightening up of the arms.
The arch was then very s lightly  loaded. This was done so that at
both ends the edge of the fixed-angle block was in good contact with the 
edge of the upper positioning block as shown in figure 4 .7 .3 . Therefore, 
there would be no gaps between. The arch was then unloaded. The 
positioning blocks were removed to see i f  the edge of the fixing block
was on the line at each end. I f  not, the fixed-angle blocks at the
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ends were loosened and the arch lowered until the f i r s t  lines from each
'end were v is ib le . The positioning blocks were repositioned and the 
whole process repeated. However with this method, i t  was found that 
the arch could be clamped on the line very accurately the f i r s t  time.
I t  was important to ensure that at the beginning of each test 
the arch was unloaded. The arch would be in this state when the 
reading of the load-cell gave the value of the weight of the loading- 
bracket. This was the position when the datum of each measuring 
instrument was taken. The appropriate channels receiving signals from 
the measuring instruments were scanned at every 0.5mm displacement 
imposition on the arch. This was necessary for reasons to be stated 
la te r . The arch was loaded beyond the c r it ic a l point well into its  
post-buckling range and unloaded again. Repeatability was checked by 
loading and unloading the arch several.times. Care was taken not to 
overload the arch because i t  would have led to the formation of plastic  
hinges.
To prepare for subsequent tests, the following was done:
With the arch s t i l l  held in the loading bracket, the fixed-angle blocks 
at the ends of the arch were loosened. Positioning blocks were placed 
on the next set of lines and the whole procedure repeated.
Procedure for testing arch 2
This was the same as that for arch 1. The loading bracket of 
arch 2 was connected to the load-cell via a very s t i f f  straight rod 
which was screwed into the loading brackets of arches 1 and 2. In this 
case, the unloaded position was when the load-cell gave the sum of the 
weights of the loading brackets of arches 1 and 2, the r ig id  rod and 
the armature of transducer'2.
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4 .9  Test Results
Figures 4.9.1 and 4.9.2. show the equilibrium paths 
of the family of arches generated by varying arch length of arches 1 and 
2 respectively. In the pre-buck!ing path, the load increased with 
deflection. The arch would have lost its  s ta b il i ty  at the maximum 
l im it  load under dead loading. A range of potential dead load 
in s tab il ity  followed from the onset of buckling until the minimum load 
was reached whereupon the arch regained load-carrying capability. The 
minimum load was always greater than zero.
Under controlled displacement the arch remained stable throughout.
The very s t i f f  semi-rigid loading device gave a complete trace of the
equilibrium paths. Although figures 4.9.1 and 4.9 .2 show only the loading 
paths, the loading and unloading equilibrium paths were repeatable. This 
indicated that the behaviour of the- arches was elastic throughout.
Examination of the two spring steel strips representing arches l.:and 2 
showed no kinks or sharp bends indicating no p las tic ity . The strips each 
took up a very gentle and smooth sinuisodal curve.
Variation of the arch length gave rise to d ifferent member
characteristics and may be regarded as a control parameter for the structure.
A plot of the maximum and minimum loads for the various lengths of both 
arches as a function of the control parameter is shown in figure 4 .9 .3 .
A linear relationship existed between these loads and the = varying 
parameter as would be predicted from' the general theory of 
elastic s ta b il i ty  for structures showing in s ta b il ity  at l im it  points.
Table 4.9.1 shows the load and deflection at the 
stationary points of the member characteristics of arches 1 and 2. The 
differences in load and deflection between them at these points were also
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tabulated. These differences could be attributed to the fact that arch 2 
was constrained by runners and therefore fr ic t ion  existed. Imperfections 
which are inevitably present in a ll experimental work also contributed 
to these differences.
The table gives an indication of the care taken in testing the 
individual, arches. I t  may be said that the member characteristics of 
arches 1 and 2 were close enough to one another.
Figures 4.9.4 and 4.9.5 show the configuration of arches 1 
and 2 respectively at various stages of the loading of them individually  
to obtain the member characteristics.
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8.
FIGURE 4 . 9 . 4 .  CONFIGURATION OF ARCH 1 AT VARIOUS STAGES OF LOADING
195
FIGURE 4 . 9 . 5  CONFIGURATION OF ARCH 2 AT VARIOUS STAGES OF LOADING
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CHAPTER 5
THEORETICAL AND EXPERIMENTAL INVESTIGATION 
OF. THE ARCH-SPRING MODEL
5.1 Introduction
The test-r ig  used for testing the individual members was again 
adopted for the testing of the mechanical springs and the model structure. 
The remaining items to be manufactured were the mechanical springs of 
of the required stiffness and the devices for attaching a spring between 
the arches. To obtain some insight into the stiffness required of the 
mechanical springs theoretical analysis was carried out.
The experimentally obtained member characteristics of arches 1 and 
2 were used for the theoretical collapse analysis of the model structure. 
Because of the non-linear buckling behaviour of the arches, computation 
by hand would be tedious. As in chapters 2 and 3, a simple computer 
program was written to carry out the analysis taking into account the 
non-linearity of the member characteristics. Linear spring stiffness 
was assumed for the analysis to keep the complexity of the problem to a 
minimum. The mechanical spring therefore had to remain linear through­
out the desired deflection range of the arch-spring model i f  close 
agreement between experimental and theoretical results was to be expected. 
In the design and production of springs considerable attention was given 
towards ensuring their lin ear ity  throughout the testing.
Springs of approximately the required stiffness were manufactured 
and tested for the ir  exact stiffness. Experimental results obtained of 
the arch-spring model were compared with theoretical results obtained
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from using the experimental member characteristics and the exact spring 
stiffness.
The two variables in the arch-spring system were ( i )  changes in 
arch length and ( i i )  spring stiffness. The model was analysed and 
tested in the following ways:
(1) For a constant spring stiffness, the geometries of the arches were 
identically varied
(2) For given identical arch geometries, the spring stiffnes was varied.
5.2 Theoretical Analysis
arch 2
mechanical 
^  spring
arch 1
■HHs-
(a) Unloaded Structure (b) Loaded Structure
Figure 5.2.1 Unloaded and Loaded Configuration of the Arch-Spring
Model
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Using the terminology and symbols given in figure 5.2.1 the 
following equations are obtained:
Equation of Equilibrium
Arch 1 with spring
F-j + F$ = P   ( 5 . 2 . 1 )
Arch 2 with spring
Fs = F2   (5 .2.2)
Combining the above two equations gives:
F-j + F2 = P   ( 5 . 2 . 3 )
Equation of compatibility
6$ = 6-j -  6r>   ( 5 . 2 . 4 )
Material properties of spring
Fs = K 6S   (5 .2.5)
Equations (5 .2 .4 ) ,  (5 .2.5) and (5 .2.2) on combining gives:
F2
<$1 = 6 2  "** ' TT”   (5 .2 .6)
Once the member characteristic of arches 1 and 2 v/ere established 
the model was analysed theoretically. One of the ways to use the 
experimental results for the members was to approximate the set of data 
points as closely and smoothly as possible with a mathematical function, 
say a polynomial. This method provided the best f i t  and not an actual 
f i t  curve of that particular form.
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However, the method adopted here was to refer directly to the 
data set. The experimental arch loads and deflections for each 0.5mm 
deflection imposition of arches 1 and 2 were stored in an array. This 
represented a piecewise-1inear discretisation of the.arch characteristic 
i f  linear behaviour between adjacent points was assumed. For a known 
spring stiffness, the loads and deflections of arch 2, were substituted 
into equation (5 .2 .6) to calculate 6^. The co-ordinates of the 
immediate adjacent points to 6-j were used for the linear interpolation 
to calculate the corresponding F-j as given by the equation below:
F = ( 6l -  s ) + fb
1 C«A -
(5 .2 .7)
Force
Deflection
Figure 5.2.2 Member Characteristic of Arch 1.
\
The notations used were c la r if ied  in Figure 5.2 .2.
The non-linear buckling behaviour of the arches was accounted for 
by recording the deflections and forces over small deflection intervals  
when testing the individual arches. The smaller the in terva l, the 
closer would be the value of F-j to the true non-linear curve form.
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The analysis was carried out on the ALPHA -16 mini-computer.
For given idential arch geometries, d ifferent values of spring stiffness  
ranging from very s t i f f  to very flex ib le  were read into the computer 
program. The results were output graphically by the Hewlett Packard 
Graphics P lotter. The values of spring stiffnesses required to 
trace the change in model response through the various forms were known. 
Small differences in either of the controlling parameters, spring 
stiffness or arches lengths had a large effect on the form of the 
fa ilure behaviour.
5.3 Mechanical Springs
5.3.1 Spring Manufacture
The most suitable type of spring to perform the required function 
was the helical tension coil spring. I t  was decided to manufacture 
these with.the required stiffness values since these could not be bought 
ready-made.
To maintain linear load-deflection characteristics throughout the 
test programme, the yield stress of the material used was never to be 
exceeded. Therefore, i t  was advantageous to use high strength material. 
The lin ear ity  also depended on the volume of material in the spring. 
Maximum volume was attained by manufacturing springs from large diameter 
wire and making their coil diameters and lengths as large and long as 
possible.
The axia lly  loaded helical tension coil spring was expected to 
deflect by a considerable amount due to the large pre-and post-buckling 
deformation of the arches. The theoretical maximum deflection of the 
spring was about 100mm. I t  was desirable to manufacture long springs. 
The longest effective length of the. spring that would f i t  into the
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specially designed loading rig was just over 305mm. This was considered 
acceptable as the deflection was only 33% of its  effective length.
During the testing of the model structure, the spring was subjected to 
static loading. The theoretical maximum load on the spring was 70N.
The formula used in the design of helical tension springs of round 
wire is given as
where K = spring stiffness
G = modulus of r ig id ity  
d = wire diameter
D = coil diameter (see figure 5.3.1) 
n = number of coils in the spring.
. . . .  (5 .3 .1 )
D
Figure 5.3.1 Spring coiIs
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Piano wire was chosen. I t  was very high quality wire and could
stand high stress levels. The piano wire was coiled into a helical
form on a mandrel using a lathe. The mandrel was manufactured from 
a solid tube cut to the diameter required. The diameter of the wire 
chosen permitted winding to be done at room temperature. No heat 
treatment was given at any stage.
I t  was desirable to obtain a spring of linear stiffness from
zero loading. In this sense, close-coiled helical tension springs 
were not suitable because of the " in i t ia l  tension" that existed in all 
such springs. See figure 5.3.2.
Force
In i t ia l
tension
Deflection
Figure 5.3.2 - Load-Deflection curve for a close-coiled helical 
tension spring.
During- the winding process, the coils would not touch each other unless 
there was some amount of tension (or pull back) in the wire. The force
for extending a tension spring was in the opposite direction. In i t ia l
»
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tension was the force required to "open-up" the coils. There was no 
guarantee that a ll  the coils opened simultaneously. This gave rise to 
some amount of non-linearity at the beginning of the load-deflection 
characteristic. Once the coils were suffic iently  separated, the 
load-deflection diagram was a straight line with a constant slope.
To overcome this problem, s lightly  open-pitched springs were 
manufactured. The coils of the springs were very slightly  separated 
from each other. The l inearity  of the springs was s t i l l  maintained - 
having the required load at the required extension. Equation (5 .3 .1)  
now becomes:
K = Gc|4 .(4 + P).   (5 .3 .2)
8D3L
where n = ^
d+p
p = pitch or separation between coils.
I t  was not possible to manufacture springs with the exactly
required theoretical stiffness due to
(1) unavoidable variation in the diameter of the commercial wire.
(2) unpredictable diameter of the spring coils. I t  was found that the 
actual diameter of the coils varied from one another and was always 
larger than the theoretical value. This indicated that the coils 
"jumped off" from the mandrel after the coiling operation or on 
releasing the pull back on the wire and
(3) unpredictable pitch of the coiled spring.
Springs of d ifferent wire diameters wound with the same pitch value did
not always appear to have the same separation. However, variation in
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pitch would not give as much of an effect on spring stiffness as the 
variation in coil diameter because of its  cubic term in equation (5 .3 .2 ) .
The length of a spring could be varied accurately. Therefore, 
once a spring of about the right stiffness was obtained, a ll  the 
parameters were kept constant except the length which was varied until 
its  exact stiffness was suffic iently  close to the required value. A 
technique whereby the effective length of the spring could be varied 
afte r  the spring was manufactured was desirable. The length could be 
adjusted many times after testing to achieve a spring very close to the 
required stiffness.
Springs with end loops over the centre were not suitable because 
no adjustment in length was possible a fte r  manufacture. The springs 
were either accepted or rejected. Also because of the dynamic snap of 
arch 2 of the model structure, this end condition was not really  suitable. 
The required end conditions of the mechanical springs had to be compatible 
with the connections to the arches.
Figure 5.3.3 shows one half of a mechanical 
spring and the end pieces. The ends of the spring were each f i t te d  with 
a rod which was threaded in the centre. The rods were made to f i t  as 
closely as possible into the ends of the spring. For a good grip to 
avoid movement during service, the surfaces of the rods were inscribed 
as shown. The rods could be moved in or out of the coils without d i f f ic u l ty  
The coils were therefore not disturbed. Terry's clips were used to lock 
each rod in position.
For consistency in inserting a constant length spring into the 
model structure a spring rig as shown in figure 5.3.4 was assembled.
The ends of the spring' rig were accurately positioned and
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THREADED
ROD
' 1  . 1 1 -  t e r r y ’s  c l ip
£__ HELICAL
TENSION
CO IL  SPRING
FIGURE 5 . 3 . 3  ONE END OF A MECHANICAL SPRING AND ITS END PIECES.
FIGURE 5 . 3 . 4 .  SPRING RIG
clamped in place to give the required overall spring length. One end 
of the spring was screwed until i t  was in contact with the rig . By this 
method, a rod of the correct length could be easily made for the la t te r  
end to give the required effective spring length and yet ensure that the 
overall lengths of a ll springs were constant and equal to the 
separation of the arches.
The spring was held between the arches by means of a "special" 
screw screwed into the threaded rod at each end. These screws were 
manufactured simply by glueing two washers to the ir  heads. Each head 
rested on a device as shown in figure 5.3.5 'which was r ig id ly  screwed 
to the loading brackets of arches 1 and 2 as seen in
figure 5 .3 .6 . The devices were made from aluminium to
reduce their self-weight and had recesses cut in the centre to the 
dimension of the washers glued to the screw heads. The recesses in the 
devices positioned the axis of the spring to be in line with the crowns 
of the arches. Eccentricity of loading on the spring was therefore 
reduced to a minimum.
5.3.2 Spring Test
The general arrangement used for spring testing is shown in 
figure 5.3.7. One end of the spring was securely held
by the locking device attached to arch 1. The other end was screwed to 
an arrangement which was clamped to the runners of the loading rig .  
Figure 5.3.8 shows the arrangement.
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FIGURE 5 . 3 . 5 .  "SPECIAL" SCREW AND PLATE
FIGURE 5 . 3 . 6 .  PLATE ATTACHED TO LOADING BRACKETS
r\ r~ n n /'i i r r  i  n u n  r\
ur i h\\u L.
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FIGURE 5 . 3 . 7 ,  SPRING TESTING
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Figure 5.3 .8 - Clamping device; -
The spring was deformed to 110% of the required maximum theoretical value 
and then unloaded. The Howden loading machine imposed this deflection  
on the spring.
Data acquisition and processing was done by the Alpha-16 mini­
computer and data logger. The procedure was very similar to that for  
testing individual arches. Using the method of least squares, the 
stiffness of each spring was determined from the data points.
5.3.3 Spring Results
Seven springs were manufactured for the model structure tests.
Each of the springs showed good linear behaviour. The stiffness for  
each spring obtained from (1) actual testing of the spring (2) equation
(5.3.2) assuming no enlargement of the coil diameter and (3) equation
(5.3.2) using the average coil diameter obtained by measurement of the
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manufactured spring are tabulated in Table 5.3.1.
\
The data indicated the following:
(1) The enlargement of the spring coil was nearly equal for springs 
wound of the same wire diameter on the same diameter mandrel.
This could be seen from springs SI and S2 which were wound on a 
mandrel of 9.525 mm. diameter using 2.24 mm diameter wire and springs 
S3, S4 and S5 manufactured by winding 2mm diameter wire on the same 
mandrel.
(2) The theoretical stiffness obtained using as the coil diameter 
always gave a higher value. This was only used as a guide towards
manufacturing a spring of the required stiffness. From experience,
i t  was known that the spring when manufactured would have a lower 
stiffness due to coil diameter enlargement.
(3) The theoretical value obtained from using D-j as the coil diameter 
was close to the actual (experimental) stiffness.
The results obtained from seven spring tests are shown in 
figure 5 .3 .9 /  The stiffness of springs S3, S4, S5, S6
and S7 were close in magnitude. The experimental plots indicated a ll
the springs possessed linear load-deformation characteristics. No 
in i t ia l  tension was present in all cases because the spring coils were 
very s lightly  separated from one another. Although only the loading 
paths are shown in figure 5.3 .9 , the loading and unloading paths were 
repeatable. No.permanent set had taken place. The springs remained 
elastic within the range over which they were deformed. Plotted along­
side the experimental load-deflection curve for each spring in figure 
5.3.9 was the incline line whose slope was equivalent to the experimental 
spring stiffness. As these two paths were close showing no significant
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deviation, the spring could be said to possess a good lin earity .  
The corresponding stiffness was the value adopted for theoretical 
analysis.
5.4 Assembly and Testing of Model Structure
For given identical arch geometries, the model structure was set 
up and tested as follows:
Arch 2 and then arch 1 were each set up in their  appropriate position 
in the model and tested for their load-deflection characteristic as 
described in Section 4.8. By this order of testing, arches 1 and 2 
were le f t  undisturbed once the member characteristic for each arch was 
defined. These member characteristics together with the experimental 
spring stiffness were used for the final theoretical analysis.
The spring was then inserted between the unstressed arches. The spring 
was adjusted such that i t  f i t te d  exactly into the space by screwing the 
special screws at the ends of the spring in or out of the rods. By this 
arrangement of spring insertion, the spring could be adjusted several 
times until the degree of tautness of the spring was just right before 
the test commenced. I t  was desirable to achieve a spring which was not 
in tension and yet not too slack.
The Howden loading machine was employed to impose constant 
deformation on arch 1. The loaded arch was deformed well into its  
post-buckling range and then unloaded. Arch 1 deformed significantly  
before arch 2 started to show any visual change. The rate of movement 
of arch 2 increased considerably as i t  approached its  buckling load. 
Depending on the stiffness of the mechanical spring and the geometries 
of the arches, arch 2 either snapped or underwent stable non-linear 
deformation into the apparent "snapped through" position. I f  i t
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snapped, arch 2 changed curvature very suddenly. On unloading,
'the curvatures of the arches were reversed. The model structure 
was loaded and unloaded several times for repeatability.
The data acquisition and processing procedure was similar to that 
for obtaining the member characteristics of arches 1 and 2. After the 
structure was tested the spring was removed by unscrewing the special 
screws at the ends and the next spring inserted. Otherwise the whole 
process was repeated for other pairs of identical arch geometries.
Examination of the two spring steel arch strips showed no kinks 
or sharp bends indicating no p lastic ity . As before, the strips each 
took up a very gentle and smooth sinusoidal curve. The spring rig was 
again used to check the overall length of the springs after each test. 
There was no noticeable permanent extension in each case. The components 
of the structure remained elastic  throughout the range of testing and 
therefore the results were tru ly non-linear e lastic . For a ll  the tests
i t  was observed that the members fa iled sequentially. The directly  
loaded arch fa iled f i r s t  followed by the buckling of the other spring- 
connected arch as anticipated.
Figures 5.4.1 and 5.4.2 show the structure under tests.
In both cases the arches have similar geometries but d ifferen t spring 
stiffnesses. The configurations of the structure at various stages 
of loading are shown by a set of photographs. Below each photograph 
is the schematic structures load-deflection plot. The la t te r  serve 
to indicate the state of the structure at the various stages.
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FIGURE 5 . 4 . 1  CONFIGURATION OF THE STRUCTURE AT VARIOUS STAGES 
OF LOADING.
LENGTHS OF ARCHES = 878.5mm 
SPRING STIFFNESS = 1 .28N/mm
216
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3 I
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FIGURE 5 . 4 . 2  CONFIGURATION OF THE STRUCTURE AT VARIOUS STAGES OF LOADING, 
LENGTHS OF ARCHES = 878.5mm, SPRING STIFFNESS = 0 . 5 9 4  N/mm
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5 .5  Experim ental Programme
The experimental programme for the investigation of the arch-spring 
model structure is described below.
5.5.1 Set I
A spring with stiffness K = 0.691 N/mm was selected. In this set, 
this value of spring stiffness was examined with varying degrees of arch 
in s ta b il ity . In chapter 4 a description was given of how an arbitrary  
length of spring steel strip  was inserted into the slots of the pinned- 
end abutments and the angles a assumed at its  ends measured. This is 
referred to as the natural unstressed state of the arch. In the f i r s t  
test of this set, arches 1 and 2 had this particular arch length, fixed 
angle abutments at their ends and span. In subsequent tests, the 
lengths of the arches were varied by similar amounts (but with constant 
span), shortening by 2, 4, 6, 7 and 8mm and a complete test carried out 
for each length. The reduction in arch length is termed R^. The 
ratios of the maximum to the minimum load on the load-deflection member 
responses for the various lengths of arches 1 and 2 are indicated in 
Table 5 .5 .1 .
Reduction in 
Arch Length R^ (mm)
Ratio- of maximum to 
minimum Load, Arch 1
Ratio of maximum to 
minimum Load, Arch 2
0 36.3 19.6
2 9.6 7.7
4 4.7 4.2
6 3.1 2.9
7 2.6 2.5
8 - 2.1 2.1
Table 5.5.1 - Ratios of maximum to minimum loads on the load-deflection  
member responses of arches 1 and 2 for various reductions 
in arch length.
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The results obtained from testing the structure with the 
spring between the nominally identical pair of arches with varying 
lengths are shown in figures 5.5.1 to 5 .5 .6 . In each . 
figure the P - 6 -j plot is shown in the top right hand corner with the 
6 -j - 6  ^ plot immediately below this. The F-j - 6 -j and the - 6  ^
plots are placed adjacent to the 6 -j - 6 2  plot as shown and f in a l ly  the 
spring characteristic i .e .  the Fs - plot is positioned in the top 
le f t  of the figures. The reason for this layout which is to assist in 
interpreting the progress along the force-deformation characteristics 
of the model components as the model is loaded is explained la te r  in 
section 5.6. The plot of c r it ic a l loads P* 9 P* * 9 P*** on the model 
load-deflection responses projected onto the (c r it ic a l load9 R )^ plane 
is shown in figure 5 .5 .7 .
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Theoretical and Experimental
Results obtained from Set 1
Spring stiffness K= 0.691 N/mm 
R^  = 0, 2, 4, 6, 7, 8mm
---------------- Theoretical path
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5.5.2 Set I I
In this second set of tests, the lengths of arches 1 and 2 were 
8mm, shorter than the "correct" lengths. An arch of this geometry showed 
the least degree of in s ta b il ity  with reference to the member characteristics 
of a family of clamped arches shown in figures 4.9.1 and 4.9 .2 . The 
ratio of the minimum to the maximum load on the load-deflection member 
curves is 1:2.1 for arch 1 and 1:2 for arch 2.
Each of the seven springs, SI to S7 discussed in section 5.3 
was attached between the arches and a complete test was done for each 
spring. The structure load-deflection curves are shown in figures 5.5.8  
to 5.5.14 and the c r it ic a l loads versus spring stiffness plot is shown 
in figure 5.5.15.
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Theoretical and Experimental Results 
obtained from Set I I  
= 8mm
K = 1.28, 1.0, 0.775, 0.691, 0.666, 
0.628, 0.594 N/mm.
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5.5.3 Set I I I
In the third set of tests, arches 1 and 2 were in their natural 
unstressed states = 0 at the beginning of each test. Arches 1 and 2 
had the required arch length, fixed-angle abutments at the ir  ends and 
span. In figures 4.9.1 and 4 .9 .2 , the load-deflection member responses 
of arches 1 and 2 showed that an arch of this geometry demonstrated the 
greatest degree of in s ta b il i ty  in comparison to arches of the other 
geometries. The ratio  of the minimum to the maximum load on the load- 
deflection member response is 1: 36.3 for arch 1 and 1:19.6 for arch 2.
Each of the seven springs SI to S7 was again attached between the 
arches and the structure tested for each spring. The results are 
presented in figures 5.5.16 to 5.5.22. The c r it ic a l loads on these 
load-deflection responses projected onto, the c r it ic a l load-spring 
stiffnes plane is shown in figure 5.5.23.
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Theoretical and Experimental
Results obtained from Set I I I 
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5.6 Discussion of Model Structure Results
The experimental results obtained from loading and unloading the 
structure for each test showed that there was good repeatability in each 
case. The structure therefore remained elastic throughout the testing 
process. In a ll  cases, there was remarkable agreement between 
experimental and theoretical results. The results obtained here have 
verified that the results obtained from the model structures in Chapters 
2 and 3 are valid and that the elastic beam interconnecting the 
members acts only as a means to distribute the external load on the 
structure among the members.
'The experimental and theoretical results are displayed 
using the layout shown in figure 5.6 .1. The results are' 
displayed in this manner because as progression is made along the P-6-j 
curve, a knowledge of how the two c r it ic a l members are progressing along 
their member characteristics is easily obtainable. C ritica l points on 
the P-6.J curve are of interest. At any point on the structure load- 
deflection curve, the relationship between member and structure behaviour 
is obtained as explained below.
Referring to figure 5.6.1 experimental paths are 
indicated by fu ll  lines and theoretical paths are indicated by dashed 
lines. The various plots in Figure 5.6.1 are stated in
Table 5.6 .1.
The experimental and theoretical paths on the P-6  ^ and 6-| -6^ 
planes are very close to within the accuracy of the plots. As such 
only one of the paths need be referred to for the purpose of locating 
the states of the members on their member characteristics at any point on 
the structure load-deflection curve.
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Lu
experimental path 
theoretical results
Figure 5.6.1 Graphs relating to Spring stiffness = xN/mm
= ymm
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Graph No. Description of Graph
A Load-deflection behaviour of the 
mechanical spring.
B Load-deflection curve of arch 2
C Load-deflection curve of arch 1
D Equilibrium path of model structure (P-6-j)
E 6-j versus 5? deflection plot of model 
structure.
Table 5.6.1
Suppose XD was the point of interest on the structure load- 
deflection curve. A vertical line dropped through intersects the 
deflections curve at X^  and the load-deflection curve of arch 1 at X^.
A horizontal line drawn througn X^  intersects the load-deflection 
response of arch 2 at Xg. The difference in deflections of points X^  
and Xg was the extension of the spring at Xp. Let this value be 6  ^ (say). 
A vertical line dropped through = <5^ on the load-deflection response 
of the mechanical spring intersects the curve at X^. The force in the 
spring is thus known. In this way, an accurate and co-ordinated 
indication of the states of the members and spring were obtained. In 
a ll  the P — 6-j plots shown, the member-structure behaviour at the c r it ic a l  
points of the structure equilibrium path are indicated.
Complete comparison between the experimental and theoretical 
equilibrium paths was not possible in some cases. This was because the 
theoretical results were derived from condition of statical equilibrium 
which gave a l l  the stable and unstable paths whereas the unstable paths 
were unobtainable experimentally. Portions of theoretical curves which 
were unobtainable experimentally are indicated in the figures.
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For example, in figure 5 .5 .1 , fe in t straight lines indicate dynamic snaps 
At Z-j, arch 2 snapped and suddenly changed curvature. was the new 
equilibrium position of the structure. On unloading arch 2 snapped 
back and reversed its  curvature at l y  1^ was the new equilibrium 
position of the structure. The theoretical path shown as a dashed line  
between the straight lines Z-j Z^ and Z^  Z^  was not obtainable experimentally. 
\ h e  - —> testing was performed using a very s t i f f  semi-rigid loading 
device, and dynamic snaps occurred at positions corresponding to constant 
deflection lines being tangential to the theoretical equilibrium path*
• . . vs, I t  is shown la ter that the theoretical curve
drawn in dashed lines bounded by lines Z^  Z^  and Z^  are very highly 
unstable.
The results obtained from set I I  of the experimental programme 
showed that the structure remained stable throughout the testing using 
the very s t i f f  semi-rigid loading device. No dynamic snap occurred 
and the complete equilibrium path of the structure was obtained for each 
test. Arch 2 deformed stably into the apparently "snapped through" 
position.
Comparison of the results obtained from sets I ,  I I  and I I I  of 
the experimental programme showed that a moderate member in s ta b il i ty  
could induce a very highly unstable structure behaviour.
The stiffness characteristics at various points on the model 
structure equilibrium path may be formulated as indicated below. Let 
the structure load-deflection curve be represented as shown in 
Figure 5.6 .2.
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pFigure 5.6.2 Load-deflection curve of structure.
The instantaneous structure stiffness, (say) may be written as
AP 
'lK4 "  AS-
. . . . .  ( 5 . 6 . 1 )
AP- af
F
Figure 5.6.3 Member characteristic of arch 1
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Referring to equation 5.2.1 and figure 5.6.3 the instantaneous 
stiffness of arch 1, K-^is
K, = .(A P jlA r) .   (5 .6 .2)
A6-j
FS
AF
J!_
Figure 5.6.4 Load-deflection curve of the mechanical spring.
''Referring to equations (5 .2 .4 ) and (5 .2.5) and figure 5.6 .4  
the instantaneous spring stiffness, is expressed as
K = ^ ............................    (5 .6 .3 )
A6 A6-|"  A62
Referring to equation (5 .2 .2) and figure 5.6.5 the instantaneous 
stiffness of arch 2, is
K = —    (5 .6 .4 )
3 A62
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F2
aF
Figure 5.6.5 Member characteristic of arch 2.
Combining equations (5 .6 .1) and (5 .6 .2) gives
K-, = K - '   (5 .6 .5)
Dividing equation (5 .6.3) by AS-j and combining the resulting equation 
with equation (5 .6 .5 ) gives
A 6 9
K ( 1 --------£ )  = K4 - K, ........  (5 .6.6)
A 61
Dividing equation (5 .6 .4) by A6^  and combining the resulting equation 
with equation (5 .6 .5) gives 
A69
K3 = K4 '  K1 ........  (5>6-7)A 61
From equations (5 .6 .6) and 5.6.7)
K,K9 + K9IC + ICK,
= _Lf  LI   (5.6.8)
k2 + K3
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Under dead loading, the structure becomes c r it ic a l when K^  = 0.
i .e .  when
K1K2 + K2K3 + K1K3 = 0
Throughout the testing, the deflections of arches 1 and 2 were 
recorded over very small deflection intervals. Let the deflections of 
arches 1 and 2 at any point be defined by 6^  and <5g respectively.
To find K.j (the instantaneous stiffness of arch 1) the computer scanned 
through the deflections of the experimental member characteristic of 
arch 1 to locate the immediate adjacent points. The member stiffness  
K-j was found using the co-ordinates of these immediate adjacent points. 
Kg (the instantaneousstiffness of arch 2) was calculated in a similar 
way. Kg is the experimental spring stiffness. On substituting the 
appropriate values into equation (5 .6 .8 ) ,  the instantaneous structure 
stiffness at the point was known.
Calculated in this way instantaneous structure stiffness plotted 
over the whole range of testing for a particular test is displayed in 
the manner shown in figure 5.6.6 in relation to other graphs.
The various graphs .are described in table 5 .6 .2 . The results 
are displayed in this manner so that reference may be made 
of the stiffness at any point on the P-6-j or 6-j - 6g curves. A 
vertical line dropped through the point of interest on the P-6-j or 
6-j - 6g curve intersects the K^  - 6-j curve and therefore indicates the 
value of the model stiffness.
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p<51
  experimental
theoretical
Reduction in arches lengths =X 
Spring Stiffness =y N/mm
Figure 5 .6 . 6
mm
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Graph No. Description of Graph
A Equilibrium path of model structure (P-6^)
B Model stiffness versus 6-j plot from 
equation (5 .6.8)
C 6-| versus deflection plot of model 
structure.
Table 5.6.2
Figures 5.6.7 to 5.6.11 show the model 
stiffness for typical load-deflection plots for the arch-spring 
system calculated from the experimental member stiffnesses. A positive 
model stiffness indicates stable equilibrium while a negative model 
stiffness indicates unstable equilibrium under dead loading. At points 
where constant loading lines become tangential to the model load-deflection 
curve,, the model stiffness is zero. At a ll  such points on the structure 
equilibrium paths shown in section 5.5, the states of the members on 
their load-deflection curves are indicated.
The results obtained from the three sets of experimental testing 
are now discussed in deta il.
Set 1
The families of experimentally obtained member characteristics of 
arches 1 and 2 shown in figures 4.9.1 and 4.9 .2 were examined theoretically  
and experimentally with a single spring stiffness, K= 0.691 N/mm. I f  
the arches had the "correct" arch length, p*>p*** and c r it ic a l loads P** 
and P*** are very close in magnitudes as shown in figure 5.5 .1. As the 
lengths of the arches were reduced at some value of the ultimate
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load of the structure switched from P* to P***. Figures 5.5.2 to 5.5.5
\
show the gradual "change over". Further reduction in the lengths of the 
arches produced a structure load-deflection response with p***^p* 
and c r it ic a l loads P** and P* very close in magnitudes as seen in 
figure 5.5.6.
In the c r i t ic a l  loads versus R^  plot shown in figure 5 .5 .7 , i t  can 
be seen that at c r it ic a l values of R^  i .e .  R^  = and R^  = L^, the 
following w ill  occur
( i )  \  = L1
P** and P*** w ill  coalesce and annihill ate
( i i )  Rl = L2
P** and P* w ill  coalesce and annihilate.
In section 1.4, i t  is shown that the relationship between the 
controlling parameters H and G is a cusp-shaped curve. I f  a negative 
value of H is selected and kept as a constant whilst G is varied, a 
family of curves qualita tive ly  similar to that shown in figure 1.4 .3 is 
obtained. At c r it ic a l values of G, the following occur:
( i )  G=G, P** and P*** coalesce and annihilate.
( i i )  G=-G, P** and P* coalesce and annihilate.
Control parameters H and G are therefore analogous to structural 
parameters K and R^  respectively.
Set I I
The results obtained from set I I  of the testing programme 
correspond to the pair of arches having a constant length whilst varying 
the spring stiffness. Each arch had R^  = 8mm.From the results 
obtained in set I ,  i t  is se.en that for this value of RL and spring
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stiffness K=0.691 N/mm a structure load-deflection curve with p***>p*l
and c r it ic a l loads P** and P* very close in magnitudes was obtained 
The load-deflection plot is re-shown in figure 5.5.11. On increasing 
the stiffness of the spring, the difference between P* and P** decreased 
as indicated by figure 5.5.10. This was followed by curves having a 
single maximum and a single minimum as shown in figures 5.5.9 and 5 .5 .8 .
P* and P** therefore coalesce and annihilate at some value of spring 
stiffness. On the other hand i f  the spring stiffness was further 
reduced from K= 0.691 N/mm, structure response curves with four 
stationary points were produced with P***> p* and p**-p* increasing. 
Figures 5.5.12 to 5.5.14 show this clearly. In the c r it ic a l loads versus 
spring stiffness plot depicted in figure 5.5.15 , only two theoretical 
values have been plotted for p***. This was because there were 
insuffic ient data points on the member-characteristic of a rch ! to enable 
calculations to be done until P*** was attained for the other spring 
stiffnesses. The second minimum loads are not included in the plot for  
c la r ity .
The results of this set are qualitatively similar to the 
general theory results produced by adopting a negative value of G 
whilst varying H which are shown in figure 1.4.5.
Set I I I
The results obtained from set I I I  correspond to the pair of 
arches having the "correct" arch length and varying spring stiffness.
With = 0 and spring stiffness K = 0.691N/mm P*> P*** and c r it ic a l  
loads P** and P*** are very close in magnitudes as shown in figure 5.5.19. 
Increasing the spring stiffness, gave rise to structure responses with 
a single maximum and a single minimum as shown by figures 5.5.18
265
5.5.17, and 5.5.16. P** and P*** therefore coalesce and annihilate at
a certain value of spring stiffness. I f  the spring stiffness is further 
decreased from K= 0.691N/mm at a certain value of K, the ultimate load 
on the structure switched from P* to p***. Figures 5.5.20 to 5.5.22 
show the "change over". Unlike the results obtained in set 1, for 
this set, P* -P** increased with decreasing spring stiffness and clearly  
indicates that P* and P** would not coalesce and annihilate.
The cusp shown in figure 1.4.9 is symmetrical about the H-axis.
I f  H=-ve and G=0, c r it ic a l loads P* = p***. i f  a positive value of G 
is chosen and kept constant whilst H varies, P*‘ or P* is always the 
ultimate load. For the above case, the switching of the ultimate load 
from P* to P*** at a certain value of spring stiffness indicates that 
the locus of points P* = P*** is biased towards one side of the cusp as 
is the case for the arch-beam model.
The experimental programme has produced various sections of 
Thom's Swallowtail Catastrophe. Sufficient theoretical and experimental 
results have been obtained to demonstrate that the c r it ic a l behaviour of 
the sequential buckling of the models investigated in this thesis may be 
described by this Catastrophe.
5.7 Conclusions
The following points may be listed:
( i )  Collapse of the arch-spring model structure was propagated by 
sequential fa ilure  of its  members. This was witnessed visually during 
a ll  tests.
( i i )  The load-deflection and c r it ic a l loads versus or K curves for the 
system had the same features as the curves obtained in chapter 1 
therefore showing good qualitative agreement with the findings therein.
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( i i i )  Structure responses with
(a) A single maximum and a single minimum and
(b) two maxima and two minima were obtained as predicted.
For the la t te r  either the f i r s t  or second maximum could
be of greater magnitude and this depended on the values of 
the structural parameters assumed. The form of the response 
curve was governed by the member behaviour and stiffness 
of the mechanical spring. The consequences of these 
findings with regard to local and overall collapse is apparent.
(iv ) the experimental results displayed, gave a very clear i l lu s tra t io n  
of the interaction of arches 1 and 2 at a ll  points on the structure 
response. Of particular interests were the c r i t ic a l  points.
(v) Stationary points on the structure load-deflection response 
did not correspond to any of-the arches reaching th e ir  l im it
points on their member characteristics but are governed by conditions 
5.6 .9 .
(v i) The stiffness plots for typical load-deflection curves have shown 
that members demonstrating moderate instability could produce 
highly unstable structure equilibrium paths.
(v i i )  The experimental equilibrium paths had been obtained by using a 
very s t i f f  semi-rigid loading device. The theoretical and 
experimental results agreed very well quantitatively.
( v i i i )  The ultimate load of the arch-spring system is attained following
the local fa ilure  of arch 1 or the fa ilu re  of arch 2 depending
on the values of the parameters of the system assumed.
(ix ) All efforts had been taken to reduce experimental errors occurring
and even though imperfections are inevitably present in a ll
experimental systems, their effects here were negligible.
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CHAPTER 6
\
CONCLUDING REMARKS
Structures comprised of sub-structures and whose fa ilu re  behaviours 
have been propagated by progressive collapse of their sub-structures forms the 
main theme of this thesis. The equilibrium paths of such structures may 
have a series of l im it  points. As the basis of this fundamental study 
on aspects of sequential in s ta b il i ty ,  equilibrium paths limited to a 
succession of three folds have been thoroughly investigated. Structures 
displaying a succession of bifurcations have not been examined. This is 
because in general structures possess imperfections of some sort and 
their effect is to change the behaviour from bifurcation point into l im it  
point in s ta b il i ty .
From this study of systems with-non-linear sub-systems we may 
draw the following conclusions:
( i )  Sequential in s tab il ity  may occur and may manifest i t s e l f  in several 
forms.
( i i )  Local in s ta b il i ty  (fa ilu re  of one sub-system) may occur before 
overall in s ta b il i ty .  Restabilization of the structure occurs 
after local in s ta b il i ty .  This type of behaviour has been witnessed 
in many structural systems and reported widely in the technical 
l i te ra tu re .
( i i i ) I n i t i a l  local in s ta b il ity  may be synonymous with overall collapse.
(iv ) The inclusion of non-linear members liab le to in s ta b il i ty  does not 
necessarily imply that the equilibrium of the structure w ill  be l iab le  
to in s ta b il i ty .
(v) The connectivity between the members has a marked effect on the 
behaviour of the system. In this sense, passive members play a more
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significant role in the redistribution process than otherwise may have 
been anticipated.
(v i)  The fundamental sequential in s ta b il ity  described by a non-linear 
equilibrium path containing three folds is governed by Thom's Swallowtail 
Catastrophe and the morphogenesis is governed by a Swallowtail 
Catastrophe Point.
(v i i )  Imperfections may make the load-deflection plot of a system lose 
its  "perfect" identity completely and reduces its  ultimate load.
(v i i i )A  structure demonstrating a succession of folds in its  load- 
deflection paths may collapse at the f i r s t  local collapse load by 
dynamic snap whereas statical equilibrium theory may predict 
restabilization followed by eventual collapse at a higher load.
(ix ) I f  c r i t ic a l ly  loaded members of a structure shed load abruptly, 
highly unstable intermediate regime.s may exist on the structure 
equilibrium path.
(x) The ultimate behaviour of the structure may be improved by
the inclusion of Force Limiting Devices in series with the c r i t ic a l ly  
loaded members. An a r t i f ic ia l  d u c ti l ity  is introduced into the members 
and the unstable behaviour of the member is eradicated.
(x i)  The comparison of the results of a piece-wise linearised model 
and a true non-linear model gave quantiatively identical results which 
validates in some measure the piece-wise linearisation approximation used 
in analytical techniques for more complex structures [9 ] ,  [10] .
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